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ABSTRACT. In his proof of the K(m,1) conjecture for complex reflection arrangements,
Bessis defined Garside categories suitable for studying braid groups of centralizers of
Springer regular elements in well-generated complex reflection groups. We provide a
detailed study of these categories, which we call Springer categories.

We describe in particular the conjugacy of braided reflections of regular centralizer in
terms of the Garside structure of the associated Springer category. In so doing we obtain
a pure Garside theoretic proof of a theorem of Digne, Marin and Michel on the center
of finite index subgroups in complex braid groups in the case of a regular centralizer
in a well-generated group. We also provide a “Hurwitz-like” presentation of Springer
categories. To this aim we provide additional insights on noncrossing partitions in the
infinite series. Lastly, we use this “Hurwitz-like” presentation, along with a generalized
Reidemeister-Schreier method we introduce for groupoids, to deduce nice presentations
of the complex braid group B(G31).
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INTRODUCTION

Let W be an irreducible complex reflection group. In the case where W is well-generated
(i.e it can be generated by a number of reflections equal to its rank), Bessis introduced in
[Bes15), Section 8] a Garside monoid, whose group of fractions is naturally isomorphic to
the complex braid group B(W) of W. It is the the so-called dual braid monoid.

This Garside monoid has then been used to study group theoretic questions on com-
plex braid groups. For instance the center of any finite index subgroup is determined in
[DMM11] through the use of various Garside monoids, including the dual braid monoid.
More recently, Gonzalez-Meneses and Marin defined in |[GM22] a general notion of para-
bolic subgroups of a complex braid group. They also studied these subgroups using the
dual braid monoid notably.

Unfortunately, this approach is not available when W is not well-generated. This proves
especially problematic for the exceptional group G3;, which is both badly-generated and
of high rank. This lack of a well-studied Garside structure was a hindrance in completing
the study program of complex braid groups. For instance the proof of [DMM11, Theorem
1.4] for the complex braid group B(Gs;) requires external arguments involving Krammer
representations.

However, Bessis also defined in [Bes15, Section 11] a Garside category suitable for study-
ing the braid group of the centralizer of a Springer regular element in a well-generated
group. This approach applies in particular to G3;, which appears as the centralizer of a
Springer regular element inside of the well-generated group Gs7. The problem is now to
understand these Garside categories. Indeed, the theory of Garside categories, which was
in its infancy when Bessis wrote his article, is now much more developed, and allows for the
generalization of many (if not all) properties of the dual braid monoid to these categories.
This article aims to be a first step in this program.

Let W be a well-generated irreducible complex reflection group, and let ¢ € W be a
regular element for the eigenvalue (4 := exp(Q%), where d is a positive integer. The group
Wy := Cw(g) is again a complex reflection group, and the braid group B(W),) is isomorphic
to the centralizer in B(W) of a so-called regular braid ([Besl15, Theorem 12.4]). The proof
of this statement by Bessis relies on heavy topological arguments, which boils down to the
construction of a Garside category C, whose enveloping groupoid (obtained by formally
inverting all morphisms) is equivalent to B(W,). The dual braid monoid can be seen as a
particular case of this topological construction (associated to the regular element Id). We
refer to the category C as the Springer category (associated to W, and W) from now on.

On the other hand, the construction of the category C can be formulated in a pure
Garside theoretic manner as a category of periodic elements. We recall this construction
in Section |1, before we restate the topological construction in Section

The interaction between these two construction then allows us to describe the braided
reflections of the group B(W)) in terms of the Garside structure of C. In the classical case,
the atoms of the dual braid monoid are known to be a set of braided reflections generating
the braid group B(W). The same result cannot hold in the case of a category, as an atom
of the category C may have a different source and target, and thus it cannot be identified
with an element of B(W,). However we have a similar result. For every atom a in C, we
define two morphisms a” and a# which have same target and same source as a, respectively.
We then get an element \(a) := aa#a## - .- a”a® € C(u,u), which we call an atomic loop
(associated to a).
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Theorem. (Theorem Let u be an object of C. Any atomic loop inside C(u,u) is
a braided reflection of the group B(Wy) ~ B(u,u). Conversely, any braided reflection
o € B(Wy) ~ B(u,u) is conjugate in B to some atomic loop.

In the case where C is a monoid, the atomic loop associated to an atom is simply the
atom itself, and we recover the situation of the classical case. This explicit description of
the braided reflections in terms of the Garside structure of B and C enables us to study
the conjugacy of braided reflections and their powers using Garside theory. The following
theorem ensures that the conjugacy of powers of braided reflections is “the same as” that
of braided reflections.

Theorem. (Theorem|[3.37) Let A(s) € C(u,u) be an atomic loop of some object u, and let
[ €G. If there is some endomorphism z € C such that As)"f = fz for somen > 1, then
z = N8") for some atomic loop \(s") such that A(s)f = fA(S).

This result was already proven by Digne, Marin and Michel in the case of the dual braid
monoid ([DMM11, Proposition 2.2]). As a corollary, we obtain the analogue of [DMM11],
Theorem 1.4] in our case:

Corollary. (C’orollary Let W be a well-generated irreducible complex reflection group,
and let g € W be a (4-reqular element for some integer d (where (g := exp(z%r)). If
U C B(Wy) is a finite index subgroup, then we have Z(U) C Z(B(Wy)).

This was already proven in [DMM11] for all complex braid groups, although the proof
in the case of B(G31) relied on computations and the use of the generalized Krammer
representation.

Our other point of focus in this article concerns presentations of Springer categories, and
a way to deduce from such a presentation a presentation of the associated group B(W,).
First, we have a presentation of the Springer category C associated to B(Wj)

Theorem. (Theorem A Springer category is presented by its atoms, endowed with
the Hurwitz relations, that is, all the relations induced by commutative squares of atoms.

Again, this is known to hold for dual braid monoids (|Besl15, Lemma 8.8]). The proof
of this theorem relies on the particular case where the Springer category happens to be
a monoid. In this case we show (Theorem and Corollary ) that the Springer
category is naturally isomorphic to the dual braid monoid associated to W, (which is well-
generated in this case). As a byproduct we obtain (Corollary an isomorphism between
the lattice of simples of the dual braid monoid associated to G(d, 1,n) and the lattice of
noncrossing partitions of type (d, 1,n) defined in [BC06, Definition 1.11].

In the case of well-generated groups, following the indication of [Bes15, Remark 8.9], one
can use the Hurwitz presentation of the dual braid monoid to prove other presentations of
the associated braid group, like the ones of [BMR9S8, Table 3] or [BMO04, Section 2].

Following the idea of [Bes15, Remark 11.29], we propose in Section 4] a generalization
of this work to the case of categories, which we apply to the complex braid group B(Gs1).
The underlying method is an analogue of the Reidemeister-Schreier method adapted for
groupoids. We define a Schreier transversal for a connected free groupoid F(S) as a set
of paths starting from a fixed object ug (the root of the transversal) and arriving at every
object of F(S).

Proposition. (Reidemeister-Schreier method for groupoids, Proposition
Let G = (S | R) be a connected presented groupoid. A Schreier transversal T for F(S)
rooted in the object uy induces an explicit presentation of the group G(ugp,uo).

We consider the Springer groupoid Bs; associated to the embedding of GG31 inside Gs7
as the centralizer of a i-regular element. By choosing a particular Schreier transversal
rooted in an object u, we are able to obtain a presentation of Bsi(u,u) ~ B(Gs1), where
the generator are atomic loops. By considering a particular object of Bsi, we obtain the
following theorem.
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Theorem. (Theorem and Section

The complex braid group B(G3y1) is given by the following presentation

ts = st, vt = tv, wv = vw,
B(Gs1) ~ { s,t,u,v,w | suw = uws = wsu,
SUVS = vsv, vuv = uvu, utu = tut, twt = wtw.

where s,t,u,v,w are braided reflections.

This is the presentation of B(G31) that was conjectured in [BMRI8, Table 3] and
IBM04, Conjecture 2.4]. Another approach to prove this presentation was proposed in
[Bes15, Section 4], using the data of [BM04, Figure 3]. Unfortunately, this method cannot
readily be carried out with these data as the formula for the discriminant of G3; given by
IBM04} Figure 3] does not appear to satisfy the conditions of [Besl5, Corollary 4.5] (the
discriminant considered in [Bes15, Corollary 4.5.(iii)] is zero everywhere).

By considering other objects of B31, we obtain other new presentations of B(Gs1). They
are all positive homogeneous with braided reflections (atomic loops) as generators. They
give explicit examples of presentations whose existence was proven in |[Bes01, Theorem 0.1]
in the case of G3;1. For each presentation, we give in particular an explicit isomorphism to
the presentation given above in terms of images of the generators.

This work is part of my PhD thesis, with some results originating from my Master’s
thesis. Both are done under the supervision of Pr. Ivan Marin. I thank him for his
precious advice during the preparation and redaction of this article.

1. PRELIMINARIES ON GARSIDE CATEGORIES

Garside categories were originally introduced near the end of the 2000s as a natural
generalization of Garside monoids (see for instance [Kra08| or [Bes07]). A comprehensive
survey of the general theory of Garside categories is made in [DDGKM]. Throughout this
paper, all categories are assumed to be small categories.

1.1. Definitions. We start with a category C. The set of objects of C will be denoted
by Ob(C). For u,v € Ob(C), the set of morphisms from u to v in C will be denoted by
C(u,v). We follow the usual convention for composition of arrows in Garside categories:
the composition of the diagram

r——1y L
will be denoted by fg.

For u € Ob(C), we consider C(u, —) (resp. C(—,u)) the set of morphisms in C with source
u (resp. with target u). We define a relation < on C(u,—) by

Vf,gEC(u,—), fjg@ah‘fh:g

In particular, the source of h is the target of f, and the target of h is the target of g. We
say that g is a right-multiple of f and that f left-divides g. Likewise, we define a relation
= on C(—,u).

We want the relations < and > to be preorders. A classical condition to study this
problem is that of (left- and right-)Noetherianity (cf [DDGKM, Definition II.2.26]).
However, for the purpose of this article, we can use the stronger condition of homogeneity.

Definition 1.1. ([Bes07, Definition 2.2])

Let C be a category. A length functor is a functor £ : C — (Zso,+), such that C is
generated by morphisms of positive length. A category C endowed with a length functor £
1s called a homogeneous category.

A homogeneous category admits no nontrivial invertible morphism. Indeed if f is in-
vertible, then we have £(f)+£(f~!) = £(1) = 0, so £(f) = £(f~1) = 0. Since C is generated
by elements of positive lengths this implies that f is trivial.
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A convenient way to prove that a category (or a monoid) is homogeneous is to define it
by a homogeneous presentation (cf Lemma [A.7]).

Lemma 1.2. Let C = (C,¢) be a homogeneous category, and let u € Ob(C). The relations
= and = are preorders on C(u,—) and C(—,u), respectively.

Proof. We prove the result for <, the result for > is obtained by working in C°P. The relation
= is obviously reflexive and transitive, it only remains to show that it is antisymmetric.
Let f,g € C(u,—) be such that f < g and g < f. We have ¢(f) < ¢(g) and £(g) < 4(f), so
0(g) = £(f). Let h be such that fh = g. We have ¢(h) = ¢(g) — £(f) = 0, thus h is trivial
and f =g. O

Let C be category. A nontrivial element in C which admits no left-divisor (other than
itself and the identity) is called an atom. In a homogeneous category (C, ), a morphism
of length f can always be written as a composition of at most ¢(f) atoms.

Definition 1.3. ([DDGKM, Definition 2.9])

Let u be an object of a homogeneous category C.

e The left-ged of f,g € C(u,—) is the meet of f and g in (C(u,—), =) (should it exist),
we denote it by f N g.

e The right-lcm of f,g € C(—,u) is the join of f and g in (C(u,—),>) (should it exist),
we denote it by fV g.

o Likewise, we define f Ar g and f V g the right-gcd and the left-lem of f and g,
respectively.

Of course, gcds and lems need not exist in C. We need two more general definitions
before we move on to the definition of a Garside category.

Definition 1.4. ([DDGKM, Definition I11.2.52])

Let C be a category. We say that C is cancellative if every equality of the form fgh = fg'h
in C implies g = ¢g'. This is equivalent to the statement that every morphism in C is both
a monomorphism and an epimorphism.

Definition 1.5. ([DDGKM, Definition V.2.19])
Let C be a homogeneous cancellative category. A Garside map in C is a map A : Ob(C) —
C satisfying the following assumptions

(1) For u € Ob(C), the source of A(u) is u. The target of A(u) is denoted by ¢(u).
(2) The map A is target injective: if u # v, then ¢(u) # ¢(v).
(3) The families

Div(A):= | | (lwA@)], =) and Dive(A):= || (gw Aw)], =)
ueOb(C) ueOb(C)
are equal. We say that A is a balanced map.
(4) The family S := Div(A) is finite and generates C. We call its elements the simple
morphisms.
(5) For every g € C(u,—), the elements g and A(u) admit a left-ged.
A homogeneous cancellative category C endowed with a Garside map A will be called a
homogeneous Garside category.

Remark 1.6. This definition is actually stronger than [DDGKM, Definition V.2.19], we
notably assume that S = Div(A) is finite. This implies in particular that C must have a
finite number of objects.

Let from now on (C, A) be a homogeneous Garside category. To avoid heavy expressions,
we will often replace the assertion “f = A(u) where u is the source of f” with “f € A” or
even “f = A”. This causes no confusion because f = A(u) implies that wu is the source of
f, thus A(u) is the only morphism of the form A(z) to which f may be equal.
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For s € S, we denote by 5 (resp. s*) the morphism in S such that ss € A (resp.
s*s € A). Both 5 and s* are unique by cancellativity.

Proposition 1.7. ([DDGKM, Proposition V.1.28 and Proposition V.2.32])

Let (C,A) be a homogeneous Garside category. We define an automorphism ¢ of C by
setting

- for uw € Ob(C), ¢(u) is the target of A(u).

- for f € C(u,v), ¢(f) is the unique morphism in C such that fA(v) = A(u)p(f).
Furthermore, ¢ has finite order and A is a natural transformation from the identity functor
1c of C to ¢.

Let s be a simple morphism. We have ¢(s) = 3 because sA = (s5)s = AS. In particular
we see that ¢ maps S into itself. Since § is finite and generates C, ¢ has finite order. We
also get that ¢ is uniquely determined by the property that, for all s € S, we have ¢(s) = 3.

Proposition 1.8. ([DDGKM, Proposition V.2.35])

Let (C,A) be a homogeneous Garside category, and let u € Ob(C). The posets (C(u,—), X)
and (C(—,u), =) are lattices. The posets (S(u,—), =) and (S(—,u), =) are sublattices of
these lattices.

Remark 1.9. If we consider the particular case of monoids, that is categories with only
one object, we recover the classical definition of a homogeneous Garside monoid. The
relations < and > are the classical left- and right-divisibility relations. The Garside map
A corresponds to an element of the monoid, which is the Garside element.

Let (C,A) be a homogeneous Garside category with set of simples S, and let ¢ be the
automorphism of C introduced in Proposition In the sequel, we will often be interested
in subcategories of fixed points under some power of ¢. Let ¢ > 0 be an integer, and let
C?" be the subcategory of C consisting of ¢?-invariant morphisms. We also consider the set
S%" of simple morphisms which are ¢9-invariant.

Lemma 1.10. Let a,b € C. If two of a,b and ab lie in C*", then so does the third.

Proof. If both a and b are ¢%-invariant, then ¢?(ab) = ¢4(a)¢p?(b) = ab. If both a and ab
are ¢l-invariant, then ¢?(a)¢?(b) = ¢%(ab) = ab = ¢%(a)b, and ¢%(b) = b by cancellativity.
The third case is dual to the second. (]

Lemma 1.11. Let s € S and suppose that the source of s is ¢?-invariant. We denote by
Y(s) the right-lem in S of all the ¢'(s) for i € Zso. We have 1 (s) € 8, and for every
y € S, we have s <y in S if and only if (s) <y in S**.

Proof. Let u be the source of s, and let n denote the order of ¢?. We have i(s) =
sV Pi(s) V-V en=De(s). As ¢ induces an automorphism of the lattice S(u, —), we have

¢1(P(s)) = ¢9(s) V ¢™1(5) V -+ V ¢"U(s) = 9(s)
and 1(s) € 8. Let now y € 8%, if ¥(s) 2 y, then s X 9(s) = y. Conversely, if z <y,
then for all ¢ € [1,n — 1], we have ¢"(s) < ¢"%(y) =y, thus ¢(s) < y by definition of the
right-lem. ([

By [DDGKM, Proposition VII.4.2], the category C?’, endowed with the restriction of
the map A, is again a Garside category. Its simple morphisms are the elements of S%*. In
particular we see that (S®*(u, —), <) is always a lattice.

1.2. Normal forms, groupoid and conjugacy. From now on, we fix a homogeneous
Garside category (C,A), and S its set of simple morphisms. Recall from [DDGKM)| Defi-
nition I1.1.28] that a S-path is a sequence of composable elements of S in C. By definition
of a homogeneous Garside category, every morphism in C can be expressed by a S-path.
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Definition 1.12. ([DDGKM, Corollary V.1.54])

A S-path st of length 2 in C is called greedy if s is the left-ged of st with A, or equivalently
if s and t are left-coprime. In general, a S-path s1--- s, is called greedy if each subpath
SiSi+1 1s greedy for i € [1,r — 1].

Remark 1.13. Let s1---s, be a S-path in C. This path is greedy if and only if the path
¢(s1) -~ d(sr) is greedy.

Proposition 1.14. ([DDGKM, Proposition V.3.4])
Every morphism f in C is expressed by a unique greedy S-path. This path is called the
greedy normal form of f.

Lemma 1.15. Let s and t be two composable simple morphisms in C. We set d := 5 A 't,
s'i=sdcS andt' :=d 't €S. We have st = s't' in C, and the path s't' is greedy.

Proof. First, we have st = sdt’ = s't’. Then, let p be such that dp =3. We have sdp = A,
so p= s’ and B B

d(s' ANty =ds' Ndt = s Nt =d.
Thus s’ At is trivial by cancellativity, and s’ is a greedy path. O

This lemma gives an algorithmic way to compute the greedy normal form of a morphism
in C, provided that we know how to compute the left-gcd of two simple morphisms.

For every category C, one can consider the enveloping groupoid G(C) of C, defined
by formally inverting all morphisms in C (see Lemma [A.§)). In the case where (C,A) is
a homogeneous Garside category, the natural functor C — G(C) is an embedding, and
morphisms in G(C) can be conveniently described.

Notation 1.16. For a positive integer m, A™(u) denotes the path A(u)---A(¢™ (u)).
If m is a negative integer, A™(u) denotes the inverse in G(C) of A7 (u). Occasionally,
we will write A™ for A™(u) when there is no need to specify the source u explicitly (cf.
[DDGKM, Convention 3.7]).

Proposition-Definition 1.17. (([DDGKM, Definition V.3.17 and Proposition V.3.18])
Let G(C) be the enveloping groupoid of C, and let f be a morphism in G(C). There is unique
way to express f as a path of the form f = APsy--- s, such thatp € Z, s1 # A and s1--- Sy
is a greedy path. The path APsy---s, in G(C) is called the left-weighted factorization
of f.

In particular we see that, for every morphism f in G(C). There is a positive integer m
such that A™ f lies in C.

Definition 1.18. ([DDGKM, Definition V.3.23])
Let f be a morphism in G(C), with left-weighted factorization APsy---s,. The infimum
and supremum of f are defined by inf(f) := p and sup(f) := p + r, respectively.

In particular we see that an morphism f in G(C) lies in C is and only if inf(f) > 0.

Definition 1.19. ((DDGKM, Definition VIII.1.1])

Let x and 2’ be two endomorphisms in G(C). A morphism f € G(C) conjugates = to x’
if xf = fa' in G(C). The endomorphism x' will be denoted by xf. As usual, conjugacy in
G(C) induces an equivalence relation, and we can consider the conjugacy class in G(C)
of the endomorphism x.

Definition 1.20. ([DDGKM, Definition VIII.2.3 and Definition VIII.2.8])
Let x be an endomorphism in G(C), with left-weighted factorization APsy - - - s,. The initial
factor (resp. final factor) of x is defined as ¢~P(s1) (resp. s;).

The cycling of z is defined as cyc(x) = x® "51) = APsy - 5,0 7P(s1).
The decycling of x is defined as dec(z) = e $pAPsy .. 81 = APPP(8,)81 ... Sp—1.
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Note that the expressions given for cyc(z) and dec(x) are not left-weighted factorizations
a priori.

Definition 1.21. ([BGGO07, Definition 3.1])
Let x be an endomorphism in G(C), with left-weighted factorization APs; ... s,.
The morphism x is called rigid if the path s,¢7P(s1) is greedy, or if r = 0.

Lemma 1.22. Let x € G(C) be a rigid endomorphism with left-weighted factorization
APsy - --s,. The left-weighted factorizations of cyc(z) and dec(x) are given by

cyc(z) = APsy- - 5,0 P(s1) and dec(z) = APPP(s,)s1 ... Sp1.
Furthermore, the morphisms cyc(z) and dec(x) are also rigid.

Proof. By definition, the path sg---s,¢7P(s1) is greedy, and s2 # A (otherwise the path
s182 would not be greedy). Thus the path given for cyc(z) is its left-weighted factorization.
The same reasoning holds for dec(z). Lastly, the fact that s;---s, is a greedy path gives
directly that cyc(z) and dec(x) are both rigid. O

Proposition-Definition 1.23. ([DDGKM, Definition VIII.2.12]

Let x be an endomorphism in G(C). The conjugacy class of x in G(C) admits a well-defined
subset SSS(x) on which each one of inf and sup takes a constant value. Furthermore, for
every conjugate ¥’ of x in G(C), we have

inf(z") <inf(SSS(x)) and sup(z') > sup(SSS(x)).
The set SSS(z) is called the super-summit set of x.

Note that SSS(x) must be finite, because there is only a finite number of morphisms in
G(C) with given inf and sup. Also, if = € C, then inf(x) > 0, and SSS(z) is included in C.

Proposition 1.24. ([DDGKM, Proposition VII.2.16])
Let x be an endomorphism in G(C). One can go from x to an element of SSS(x) by a finite
sequence of cycling, followed by a finite sequence of decycling.

This proposition, combined with Lemma shows that a rigid element always lies
inside its own super-summit set.

Proposition 1.25. (([DDGKM, Lemma VIII.2.19 and Proposition VIII.2.20])

Let x be an endomorphism in G(C), and let ', 2" be in SSS(x). Let also f be a morphism
in C with 2’7 = 2. If f = s1...s, is the greedy normal form of f, then for all i € [1,r]
the morphism x'**"% lies in SSS(z).

Notice that, as ¢ preserves left-weighted factorizations, it stabilizes super-summit sets.
In particular, last proposition also applies to the case where the conjugating element lies

in G(C).

1.3. Periodic elements and divided categories. We fix (C, A) a homogeneous Garside
category, and G(C) its enveloping groupoid. The study of super-summit sets provides a
solution to the conjugacy problem in G(C) for any two pair of endomorphisms. If we
restrict our attention to the so-called periodic elements of G(C), then we obtain a more
convenient solution to the conjugacy problem through the construction of a particular
Garside category.

Definition 1.26. ([DDGKM, Definition V.3.2])
Let u be an object of G(C), and let p,q > 1 be integers. An endomorphism p of G(C)(u,u)
is called (p, q)-periodic if p? = A%(u).

In particular, we need A? to be an endomorphism of u, that is ¢?(u) = u. Note that a
(p, q)-periodic element in G is (np, ng)-periodic for every positive integer n.
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Proposition 1.27. ([DDGKM, Corollary VIII.3.31 and Proposition VIII.3.34])
Let p,q > 1 be positive integers. Let d be the ged of p and q, with dp’ = p and dq’ = q. Any
(p, q)-periodic element in G(C) is conjugate to a (p',q")-periodic element lying in C.

This proposition allows us to restrict our attention to (p, ¢)-periodic elements with p and
q coprime. The study of periodic elements in a general Garside context was introduced
in [Bes07], in which the following notion of divided category is introduced. We follow the
exposition given in [DDGKM, Section XIV.1.1].

For m € Z>1, define

Dm(A) = {(UO, R ,um_l) eSm ’ Ug " Um—1 = A}

In particular, we require the u; to be composable: the target of u; must by the source of ;1
for i € [0,m — 2]. For every positive integer m, we define an action of the automorphism
¢ on m-tuples by setting
O(ugy -y Um—1) = (U1, oy Um—1, ®(u0)) € D (A).
This not formally an action of the group (¢), as ¢*¥ = 1¢ doesn’t necessarily mean that
" u = u for all p-tuple u. This is rather an action of the free group Z, which we denote by
¢ for convenience. Note that this action preserves D,,(A). Let now m,n be two positive
coprime integers. We define
D} (A):={u € Dp(A) | ¢".u=u}.

In order to study (p, q)-periodic elements for p and ¢ coprime, we are going to define
a categorical presentation using the sets D;:g(A) with k € {1,2,3} (see Appendix for
reminders on categorical presentations).

The subcategory C%* introduced in the end of Section is useful for giving a more
efficient description of the sets DZ?)(A). Those sets are a priori described by kp parameters
lying in C, but since p and ¢ are coprime, we show that they depend only on k parameters
lying in C?*.

Lemma 1.28. Let p,q be coprime positive integers with p > 1. There is a well-defined
integer n such that, for all f := (fo,..., fp—1) € CP, we have

0.f = f & foeC” and Vi€ [1,p 1], fi = ¢"(fo).
In particular, f depends only on fy.

Proof. We begin with some arithmetic results. Let ¢ = kp + r be the Euclidean division
of ¢ by p (we have r > 0 since p # 1). For n € Z>1, let nr = a,p + by, be the Euclidean
division of nr by p. We have

b, +r ifb, <p-—r
bn+r—p ifby=2p—r

an, ifb, <p—r

Yn>1,0 =
il { an+1 ifb,>2p—r

and anp41 = {

and b, € [0,p — 1] is equal to nr modulo p. Consider now the sequence k., defined by

_{k it by <p—r

=k+a — Gy, Yn > 1.
k41 ifby=p—r vk o

We set

n—1

hor = Y ki = nk + an — ag = nk + ap.
i=0
We have hy,p = —b, modulo g. Indeed, as pk + r = ¢, we have

phnr = p(nk + an) = —nr+pa, = _bn modulo q
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As p and ¢ are coprime, there is a smallest m € [1, p— 1] such that b,, = 1 (that is, mr =1
modulo [p]). We have, for all n > 1

bnhmr = _phnrhm’r = hnrbm = hnr modulo q
We define n = —hy,-, and we have Vn > 0, b,n = —hp,.

Let now f := (fo,..., fp—1) be a p-tuple of morphisms in C. For the sake of readability,
the index 7 of f; is seen as an element of Z/pZ, so that f; = fiyp, fr = fq and fn, = fp, by
definition. We have

¢q'f = (¢k(fT)> ceey gbk(fpfl)) ¢k+1(f0)> ceey ¢k+1(f7“71))‘
As p and ¢ are coprime, for every ¢ € [0,p — 1], there is a unique n; € [0,p — 1] such that
bn, = i. We obtain
¢q.f =feVie [[O,p - 1]]7 fi= fnir = QZ)kniT (f(ni+1)r) = (bkn” (fi+r)~
By an immediate induction, we get ¢9.f = f < Vn > 0, fo = ¢" (fur).
If ¢?.f = f, then we have in particular
fo =" (fo) = " (fo) = ¢"*7(fo) = ¢(fo)-

Also, since —hy,, = b,n modulo ¢, we deduce that

Vi€ [0,p =11, fi = fuir = 67" (fo) = 6" (fo) = " (fo)-
Conversely, if f is such that ¢9(fo) and f; = ¢™(fo) for all i € [1,p — 1], then for n > 0,
we have fy = ¢~"(fy ) = ¢"(f,,), which shows that ¢?.f = f. O

Remark 1.29. In the above proof, we saw that n» = —mk — a,,, where ¢ = pk + r is the
Euclidean division of ¢ by p, and m € [0, p — 1] is such that mr = a,,p+1 is the Euclidean
division of mr by p. In particular we see that 1 depends only on p and q.

The above result is also vacuously true for p = 1. From now on, we fix the integer n
associated to p and ¢ by Lemma (we fix n =1 when p = 1).
Proposition 1.30. Let p,q be coprime positive integers.
(a) The map (ug, ..., up—1) — ug induces a bijection between DE(A) and the set

{uo € 8% | ugg"(ug) ... "V (ug) = A} :
(b) The map (ao,bo, . ..,ap—1,bp—1) — (ao,bo) induces a bijection between DSZ(A) and the
set {(a,b) € (8?")? | ab € DJ(A)}.
(¢) The map (xo,Y0, 20, - - -, Tp—1,Yp—1,2p—1) — (T0,Y0,20) induces a bijection between
Dg’g(A) and the set {(x,y,2) € (S*")® | zyz € DI(A)}.
Proof. We first consider the case where p = 1. We have
DI(A) ={up € S | up = A and ¢%(up) = uo}.
Dy*(A) = {(a,b) € 5% [ ab = A and (a,b) = (¢"(a), ¢"(0))}
= {(a,b) € (§")% | ab = A}.
By Lemma this set is equal to {(a,b) € (S?")? | ab € DY(A)}. The same reasoning
applies to D37(A).
We now assume that p > 1. The first claim is a direct consequence of Lemma [1.28] and
the fact that ug---up—1 = A. For the second claim, let (ag,...,b,—1) be a 2p-tuple. This

2p-tuple is p*I-invariant if and only if the two p-tuples (ag, ..., ap—1) and (b, ...,by—1) are
both ¢%-invariant. By Lemma this is equivalent to ¢?(ap) = ag, $%(by) = by and

(a0, D0, - - - ap—1,bp1) = (ag, bo, " (ag), - . ., 9P~ (bg))
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which shows that the map (ag, bo, ..., ap—1,bp—1) — (ao,bo) is injective and maps Dgg(A)
into the considered set.

Conversely, for (a,b) in the considered set, the 2p-tuple (ag, bo, ¢"(ao), . . ., P~ (by)) lies
inside DSZ(A) and gives the preimage of (a,b). Again, the same reasoning applies to the
third claim. O

From now on, we will use the alternative descriptions of D{(A), DSZ(A) and Dg’g(A)
given by Proposition [1.30

DI(A) ~ {u € S | ug"(u)--- PV (y) = A} .

DH(A) =~ {(a, b) € (S*)? | ab € Dg(A)}.

Dg’g(A) ~ {(ac,y, z) € (8% | xyz e Dg(A)}.
Under these descriptions, the action of ¢ is given by
Vu € DI(A), ¢.u= ¢"(u).
Ya,b € D3A(A), ¢.(a,b) = (b,¢"(a)).

Va,y,z € D3(A), ¢.(z,y,2) = (y,2 ¢"(x)).
This description of the action of ¢ also holds for p = 1 with n = 1.

We are now going to construct an oriented graph Sy, which will serve as generators for
our categorical presentation (see Appendix for definitions regarding oriented graphs).

Definition 1.31. Let p,q be coprime positive integers. We denote by Si the following
oriented graph

- The objects are the elements of DE(A).

- The arrows are the elements of Dgg(A).

- For (a,b) € Dgg(A), the source (resp. the target) of (a,b) is given by ab (resp. bg"(a)).
We call S} the graph of simples (for the couple (p,q)).

Note that, for (a,b) € S, the source and target of (a,b) are objects of Sj. Indeed we
have (a,b) € D34(A) and ¢.(a,b) = (b, ¢"(a)) € D31(A), so both ab and b¢" (a) lie in Df(A)
by Proposition m
Lemma 1.32. The action of ¢> on DSZ(A) induces an automorphism ¢, of the graph S,
with (¢p)? = lsg. For an object u of Si, we have ¢p(u) = ¢.u.

Proof. By definition, we have ¢2.(a,b) = (¢"(a), ¢" (b)) for (a,b) € DSZ(A). The source and
target of ¢2.(a,b) are ¢"(ab) = ¢.(ab) and ¢".(bg"(a)), respectively. As both ¢ and ¢? are
automorphisms of C, they induce bijections on the sets D}(A) and Dgg(A), respectively.
The fact that (¢)? = lgg comes from the definition of the sets Dj(A) and DSZ(A). O

We now endow the graph S with a set of relations R}. The set R} is in bijection with
Dgg(A). A 3p-tuple (z,y,z) in Dgg(A) induces the relation (z,yz)(y, z¢"(z)) = (zy, 2)
between elements of Dgg(A).

Definition 1.33. The presented category Cl = (S} | RL)™ is called the category of
(p, q)-periodic elements of C. The enveloping groupoid of C} will be denoted by G;.

Lemma 1.34. The function { defined on arrows of Sp by ¢(a,b) := £(a) extends to a length
functor on C}, making Cl into a homogeneous category.
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Proof. First, the function ¢ extends to C{ as it is compatible with R}. Indeed, for (z,y,2) €
Dgg(A), we see that ((zy, z) = l(zy) = l(z)+l(y) = L(z,yz)+L(y, 20" (x)). We then have to
show that Cj is generated by elements of positive length. As C} is generated (by definition)

by S, we have to show that the elements of length 0 in S} are trivial in . By definition
of £, the only elements of S} of length 0 are elements of the form (1, u) for u € DE(A). We
claim that the element (1,u) € Sj is the identity morphism of the object u in Cf. The source
and target of (1,u) are both u. Furthermore, for (a,b) € S} with source u, the element

(1,a,b) € Dg’]q)(A) expresses the relation (1,u)(a,b) = (a,b). Similarly, for (d,e) € S with
target u, the element (d,1,e) in Dgg(A) expresses the relation (d,e)(1,u) = (d,e). Thus
(1,u) represents the morphism 1, in Cj. O
Theorem 1.35. ([DDGKM, Proposition XIV.1.5] and [DDGKM, Proposition VII.4.2])
The category Cp is cancellative. Furthermore, defining

Vu € Ob(Cl), Ap(u) := (u,1) € C(u, ¢pp(u))
induces a Garside map A, on C}. The simple morphisms associated to A, are exactly the
image in Cg of the graph Sj.
Lemma 1.36. The automorphism ¢, of Sf extends to an automorphism of C}. Moreover,
¢p 15 the automorphism induced by the Garside map A,.
Proof. As we already know that ¢, is an automorphism of Sf, we only have to show
that it is compatible with the set of relations. Let (x,y,2) € Dg’g(A), the element
(6"(), ¢"(y), ¢"(2)) of D3Z(A) induces the relation

(@"(x), 9" (1)9"(2)) (8" (y), ¢" ()9 (2)) = (¢"(x)¢" (1)), ¢" (2))

<(¢"(2), ¢"(y2)) (0" (), ¢"(x¢"(2))) = (¢"(xy), ¢"(2))

Sop(z,y2)0p(y, 20" (7)) = Pp(y, 2)
which proves that ¢, is compatible with R}. Now, in order to prove that ¢p is indeed the
automorphism induced by the Garside map A,, we only need to show that ¢,(s) =5 for
any simple morphism s. Let s = (a,b) € S, the element (a,b,1) in D;’g(A) expresses the
relation (a, b)(b, ¢"(a)) = (ab, 1) = Ap(ab), which proves that (a,b) = (b, ¢"(a)). From this
we deduce 5 = (¢"(a), ¢"(b)) = ¢p(a,b) as claimed. O
Definition 1.37. ([Bes15, Definition B.23])

The map defined on Sy by (a,b) — a induces a functor m, : Cp — C, which is called the
collapse functor.

Lemma 1.38. Let u be an object of Cl, and let x := m,(u) be the source of u in C. The
collapse functor restricts to an isomorphism of posets

(Si(u, =), =)~ ({s €8 | s 2 u}, =) C 8%(x,—) C S(x, —).

In particular, if s := (a,b) and s’ := (a’, V') are two simples in C} with source u, then s < s’
in C if and only if a < a’ in C.

Proof. Let 7 denote the restriction of the collapse functor 7, to the set Sf(u,—). For
s := (a,b) € S§(u,—), we have ab = u by definition, so a < u and ¢%(a) = a. Conversely,
if @ < w is such that ¢%(a) = a, then there is a unique b € S such that ab = u. We have
¢1(b) = b by Lemma and the simple morphism (a, b) is then the unique preimage by
7 of a in S (u, —).

Let now s := (a,b) and s’ := (a/,b') be two elements of S (u,—). If s < s, then there
is some (x,y,z) € Dgg(A) such that (z,yz) = (a,b) and (zy,z) = (a/,b’). We have in
particular ay = zy = @’ and a < d’. Conversely, if a < d/, there is some y € S such that
ay = /. Again we have ¢%(y) = y by Lemma and the relation induced by (a,y,b)
then gives s < s’ O
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Corollary 1.39. Let s := (a,b) and t := («, ) be two composable simple morphisms in
Ci. The greedy normal form of the path st in C} is given by

st = (ad,d"'b)(d" " a, B¢"(d)))
where d = a A'b. In particular the path st is greedy if and only if b and o are coprime.

Proof. The composability of s and ¢ is equivalent to af = b¢"(a). By Lemma we
have t A5 = («, 8) A (b,¢"(a)) = (d, e), where e is defined by de = af. We have

st = (a,b)(a, f) = (a,b)(d, e)(d" v, B)
= (ad,d™'b)(d" o, B¢"(d)).
This last term is the greedy normal form of st because of Lemma [1.15 O

Theorem 1.40. ([DDGKM, Proposition XIV.1.8])

(1) Let u be an object of GL. The element m,(A}(u)) is a (p, q)-periodic element in G(C).

(2) Every (p,q)-regular element of G(C) is conjugate to an element of the form m,(Af(u)).

(3) The collapse functor induces a functor Gi — G(C), which in turn induces a group
isomorphism between Gi(u,u) and the centralizer of m,(Ab(w)) in G(mp(u), mp(u)).

1.3.1. The casep = 1. If p = 1, then the graph S} is simply the subgraph 59" of S. Indeed
we have

Di(A) ={ue 8" |u=A}={A(u) €S | ¢*(A(u)) = A(¢?(u)) = A(u)}
~ {u € Ob(C) | ¢p%(u) = u}.

D§(A) = {(a,b) € (§”)* | ab = A}
= {(a,a) € (§8%")?} ~ 8",

Let (z,y, z) be in ng(A). We have z = Ty, thus (z,y, z) expresses the relation z.y = (zy)
between elements of .

By [DDGKM, Proposition VI.1.11], the category C{ is simply the subcategory C%". The
Garside map of Theorem is then the restriction to C?* of the Garside map of C. The
same goes for the automorphism ¢;.

The collapse functor 71 sends a € S to a € S: it is the inclusion C?* < C. Lemma
m expresses that, for an object u of C**, the inclusion S (u, —) C S(u, —) is a morphism
of lattices, which is also a consequence of Lemma Corollary ensures that the
greedy normal form of a path in C?* is the same as its greedy normal form in C.

Lastly, Theorem expresses that every (1, q)-periodic element of C is conjugate to
some AY(u), and that G(C)?" (u,u) is the centralizer of A%(u) inside of G(C)(u,u).

2. COMPLEX REFLECTION GROUPS, BRAID GROUPS AND BRAID CATEGORIES

2.1. Reminders on complex reflection groups and their braid groups.

2.1.1. Definitions, basic invariants. We follow the exposition of [LT09]. Let V be a finite
dimensional complex vector space. An nontrivial element s € GL(V') is called a reflection
if it pointwise fixes some hyperplane of V' and has finite order. The hyperplane Ker(s—1d) is
then called the reflecting hyperplane of s. A subgroup W < GL(V) is called a complex
reflection group if it is finite and generated by reflections of V. The integer n = dim V'
is the rank of W.

A complex reflection group W < GL(V) is irreducible if there are no nontrivial W-
stable subspaces in V. It is well-known that every complex reflection group decomposes as
a product of irreducible complex reflection groups. This allows us to restrict our attention
to irreducible groups. These groups were classified by Shephard and Todd in [ST54], with
on the one hand an infinite series of monomial matrices (groups denoted by G(de, e, n) for
integers d, e,n), and on the other hand a list of 34 exceptional cases, labeled G4 to Gsr.
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An irreducible complex reflection group of rank n is called well-generated if it can
be generated by a set of n reflections. An irreducible group of rank n which is not well-
generated is badly-generated. Such a group can always be generated by n + 1 reflections.

From now on we fix W < GL(V) an irreducible complex reflection group of rank n. The
action of W on V extends to an action of W on the algebra S of polynomial functions on V.
By the Chevalley-Shephard-Todd theorem ([LT09, Theorem 3.20]), the algebra SV of W-
invariant elements of S is a polynomial algebra in n variables. A n-tuple f = (f1,..., fn)
of homogeneous algebraically independent generators of SV is called a system of basic
invariants. The degrees d; of the f; doesn’t depend on the choice of f. They are the
degrees of the reflection group W.

Likewise, one can define the codegrees dj,...,d; of W by considering the module of
invariant derivations on the algebra S (|Besl5, Definition 1.2]).

2.1.2. Braid groups, braided reflections. We consider the subset X C V consisting of points
not belonging to any of the reflecting hyperplanes associated to reflections of W. By
Steinberg’s Theorem (|[LT09, Theorem 9.44]), the action of W on X is free and induces a
covering map from X to X/W. We fix a basepoint xo € X and we set

P(W) :=m(X,z0) and B(W) := m(X/W, W.xg)

the pure braid group of W and the braid group of W, respectively. The covering map
X — X/W induces a short exact sequence

11— PW)——BW)——W —1.
Note that, as X is path connected, a change of basepoint xyp — x1 yields a (non canonical)
isomorphism of short exact sequences
11— P(W) B(W) W 1

1 H—ﬂ'l(X,{L‘l) 4>7T1(X/I/V, WJIl) — W —1.

Let f := (f1,..., fn) be a system of basic invariants. The isomorphism between S
and Cl[f1,..., fn] induces in turn an algebraic isomorphism V/W ~ C". Let H denote
the image in V/W of the reunion of the reflecting hyperplanes of W, it is an algebraic
hypersurface of V/W ~ C". Since the braid group B(W) is defined as the fundamental
group of the complement of H in V/W, it is generated by particular elements called braided
reflections (around the irreducible divisors of H).

We quickly recall from [BMRI8, Appendix 1] the definition of braided reflections, as it

will be useful in Section Let H be a reflecting hyperplane of W, and let D C H be the
image of H in V/W.
Definition 2.1. A path from zp to D in X/W is a path v : [0,1] — V/W such that
7(0) = zo, v(1) € D and v(t) € X/W fort < 1. Two paths v,~ from zqo to D in X/W are
D-homotopic if there exist a homotopy T : [0,1] x [0,1] — V/W from ~ to v such that

e Forallt€0,1] and u € [0,1] T'(t,u) € X/W.

e For allu € [0,1], T(0,u) = 29 and T(1,u) € D.

The D-homotopy class of v is denoted by [v].

Let v be a path from xg to D in X/W. Let also U be a connected open neighborhood
of ¥(1) in X/W U D such that U N X/W has a fundamental group free of rank 1. Let
u € [0, 1] be such that y(¢) € U for t > u. The orientation of U N X allows us to choose a
“positive” generator A of w1 (U N X/W,~(u)).

We set v, (t) := y(ut) for t € [0,1] and p,.» := v, * A7, 1. The homotopy class of p. »
depends only on [7] and is denoted by pj,;. It is by definition a braided reflection of B(W)
(around the divisor D). The image of Pl inside W is a reflection with hyperplane H.
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Proposition 2.2. (|[BMR9S, Appendiz 1])
All meridians around D form a conjugacy class of B(W). In particular the set of all braided
reflections is stable under conjugacy in B(W).

Remark 2.3. Let x9g — x1 be a change of basepoint. The induced isomorphism between
B(W) and 71 (X/W, W.x1) maps braided reflections to braided reflections.

Lastly, we give the definition of a particular element in B(W), which plays a particular
role when considering centers and centralizers.

Definition 2.4. ([BMR9IS, Notation 2.3])
The full-twist is the homotopy class in B(W) of the loop

Tt [0,1] — X/W
t > exp(2int)xo.

It lies inside P(W) N Z(B(W)).

2.1.3. Regular elements, reqular braids. Let d be a positive integer. We denote by 4 the
group of d-th roots of unity in C. We also consider p; the subgroup of p4 consisting of
primitive d-th roots of unity, and (4 := exp(%) € 1y

Definition 2.5. ([LT09, Definition 11.21])

Let ¢ be a root of unity in C. An element g € W is called (-regular if it admits a (-
eigenvector lying in X. An integer d is regular for W if there is a (4-regular element g
mn W.

If g € W is a (-regular element, then for every integer k, g* is Cg—regular. Thus, if g is
¢-regular for some ¢ € pjj, then d is a regular integer for W. It is known that (-regular
elements (should they exist) form a conjugacy class in W.

Theorem 2.6. ((LT09, Theorem 11.2}])

Let g € W be a (-regular element for some ¢ € . The centralizer Cyw (g) of g in W acts
on the eigenspace Ker(g — (Id) as a complex reflection group. Its degrees (resp. codegrees)
coincide with those degrees (resp. codegrees) of W which are divisible by d.

Let g € W be a (g-regular element, and let W, := Cyw(g). It is possible to study the braid
group B(W,) by embedding it inside B(W). Let V, denote the eigenspace Ker(g — (4/d)
on which W, acts as a reflection group. Let also X, denote the space of regular vectors
inside Vj,. By [LT09, Theorem 11.33], we have X, = X NV

The scalar action of C* on V' induces in particular an action of pg on V/W. By [Besl5,
Theorem 1.9], the embedding V; — V induces two homeomorphisms V, /W, ~ (V/W)Hd
and X,/W, ~ (X/W)td. In particular B(W,) identifies with the fundamental group of
(X/W)kd. It was shown in [Besl5, Theorem 12.4] and |Gar23, Theorem 1.2] that the
fundamental group (X/W)#d can itself be identified with the centralizer in B(W) of any
d-th root of the full-twist. Such d-th roots of the full-twist will be called d-regular braids.

Ezample 2.7. A guiding example is the case of the groups G3; and Gs7. The degrees (resp.
codegrees) of Gs7 are

2 8 12 14 18 20 24 30

0 6 10 12 16 18 22 28
The integer 4 is regular for G37;. The centralizer of a i = (4-regular element in Gs7 is

isomorphic to Gs;. Its degrees (resp. codegrees) are 8,12, 20,24 (resp. 0,12,16,28). Note
that 4 is the ged of the degrees of G37 which it divides.

Lemma 2.8. Let W < GL,(R) C GL,(C) be a real reflection group which contains —1d
and for which 4 is reqular. If g € W is a i-reqular element and r is a reflection of W, then
r and r9 commute.
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Proof. First, the element —Id is a —1-regular element in W. Since —Id is central in W,
and since all —1-regular elements in W are conjugate to —1Id, we get that —Id is in fact
the only —1-regular element in W. Now, since g is i-regular, g2 is i> = —1-regular, hence
equal to —Id.

We assume that r # r9 (otherwise our claim is immediate). We fix (—, —) a W-invariant
scalar product on R”. Let o be a root for r (that is, a generator of Ker(r —Id)*). We have
grg Tt =r=grg" =g 'rg.

Thus g~'(a) and g(a) are two roots of the same reflection 79. Let a € R such that
g () = A\g(a). We have a = A\g?(a) = —Aa and A\ = —1,thus

(9(a),0) = (a, g7} (a)) = (o, —g(a)) = — (g(a), @) .

The two roots a and g(a) are then orthogonal for (—, —) and r and r9 commute. O

This lemma applies to the case of (G31 seen inside G37 as the centralizer of a i-regular
element. Indeed, G37 is the complexified version of the exceptional Coxeter group FEg,
which contains — Id.

2.2. Dual braid monoid for well-generated groups. Let W < GL(V) be a well-
generated complex reflection group of rank n. In [Bes03] and [Besl5|, Bessis defines a
particular Garside monoid, the dual braid monoid, which admits the braid group B(W)
as its group of fraction. This monoid is the first step from which it is possible to define a
Garside category suitable for studying centralizers of regular braids in B(W).

Here we consider the combinatorial definition of the dual braid monoid as an interval
monoid. We will be discussing the topological definition of the dual braid monoid in the
next section. We follow [Bes15, Section 8§].

Let R be the set of reflections of W. We have R = R™!, and R generates W by definition.
For w € W, one can define {i(w) to be the minimal length of a decomposition of w as a
product of reflections. Because the set R is globally invariant under conjugation, the value
of {r(w) depends only on the conjugacy class of w in W. The function ¢ induces relations
=< and > on W defined by

Vw,v €W, v 2w & Lr(v) + Lr(v ™ w) = Lr(w),

Vw,v € W, w = v & Lr(wo™ ) + Lr(v) = Lr(w).
Let v,w be in W. Since ¢ takes constant values on conjugacy classes in W, we get that
v 2w < w = v. Thus we will always work with =< and only consider > for readability
purposes.

As W is well-generated, we know that the highest degree h of W is regular for W (see
the proof of [Bes15, Theorem 2.4]). A Cozeter element of W is then an element ¢ € W
which is regular for the eigenvalue (j := exp(%). Let ¢ be a Coxeter element in W. We
define

R.:={reR|r=ctand I.:=[l,dx={weW |w=c¢c}

We also consider formal copies R C Z of R. C I, (their elements will be denoted in bold

font). The interval monoid associated to R and c is then defined by the presentation:

M(c) :=(T | st =u < (st =u and lr(s) + Lr(t) = Lr(u)))

We know that (1., <) is a lattice ([Bes15, Lemma 8.6]). We will denote s A ¢ (resp. sV t)
the ged (resp. lem) of s and ¢ in I.. We do not have to distinguish between left- and right-
ged and lem since all simple elements are balanced (their left- and right-divisor are the
same).

Let ¢ and ¢’ be two Coxeter elements of W. Since they are regular elements of W for
the same eigenvalue (},, there is some w € W such that wew™ = ¢. Since ¢y is invariant
under conjugacy, one readily sees that conjugation by w induces an isomorphism between
the two intervals I. and . In particular we have M(c) ~ M ().
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Theorem 2.9. (/Bes15, Theorem 8.2])
The monoid M (c) is a homogeneous Garside monoid, with Garside element A := ¢ and
set of simples . The atoms of M (c) are the elements of R.

The Hurwitz relations with respect to W and ¢ are the formal relations of the form

I'I'/ — I‘/I_//

where r, 7', 7" € R, are such that r # ', rr’ € I. and rr’ = r'r" holds in W. We know
from [Bes15, Lemma 8.8] that the monoid M(c) admits a particular presentation with R
as a set of generators, endowed with the Hurwitz relations.

Remark 2.10. We can be a little less specific and say that M (c) (and G(c)) is presented by
relations of the form

ss’ = rr/
with s, 8,7, 7" € R, and ss’ € I.. That is M(c) is presented by its atoms and the equality
between decompositions of simple elements of length 2. It is this precise rephrasing which
we will show holds in Springer categories (see Theorem .

Lemma 2.11. For a € Z, we have a? € T if and only if a = 1.

Proof. If a? € T, the relation aa = a? must be a defining relation of M, so we must have

20r(a) = Lr(a?). If a # 1, then let s € R, be a divisor of a with sa’ = a and a”s = a. We
have a? = a’ssa = a"s%a, so Lp(a®) < Lr(a") + lr(a’) + 1 = 2¢g(a) — 1, which contradicts
20p(a) = Lr(a?). O

Proposition 2.12. Let a,a’ be in Z. If the product aa’ is also in I, then aa’ = aVa’ and
ana is trivial.

. . / . . .
Proof. First, note that in I., we have ad’ = a’a® = %a’a. Now, because {p is invariant
under conjugation, we have

Cr(ad’) = Cr(a) + Cr(d’) = Lr(d’) + CR (a) =l (“d) + Lr(a)

This means that aa’ = a® and %’ < ad’: we have a®,% € I, and aa’ is a common
left and right multiple of a and a’. Now let ab = a’b’ be the right-lem of a and a’. By
definition, there is some x € Z such that bx = a’ and b’x = a®. In particular, we have
a’ = x, a? = x and x < a? since every element is balanced. So aa’ admits x2 as a factor
and x? is a simple. By Lemma x=1,a =b,b =a® and aa’ =aVva

If x is a common divisor of a and a’, then we have a > x and x < a’. We get that x? is
a simple element in M (c), it must then be trivial. O

Remark 2.13. By definition of an interval monoid, there is a natural bijection between the
simples of M (c) and the interval I. = ([1,¢|, <g) in W. This bijection induces in turn a
bijection between the sets D,,(A) and the sets Dy, (c), defined by

Dy (c) == {(uo, ceUp—1) € WP

uo o upfl = C

Cr(uo) + -+ + Lr(up-1) = Lr(c) |~
The automorphism ¢ of M (c) acts on Dy, (c) by ¢.(uo, ..., up—1) := (u1,...,up—1,uf). The
bijection between D,,(A) and D,,(c) restricts to a bijection between D] (A) and

D} (¢) :=={(uo, ..., up—1) € Di(c) | ¢%.(uo, ..., up—1) = (uo, ..., up—1)}
The results of Proposition also allow for an alternative description of the sets D" (c).
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2.3. Lyashko-Looijenga map, cyclic labels. Here we recall the preliminaries which are
necessary to construct both the dual braid monoid from a topological point of view, and
the Springer category associated to a regular number. Most of this section comes from
[Bes15, Section 5, 6].

Let again W < GL(V) be an irreducible well-generated complex reflection group with
highest degree h, together with a system of basic invariants f such that the discriminant
has the following form:

Ap =X+ X! 24+ +ay
where «; € C[Xy,--+,Xp—1] (such a system always exists for well-generated groups by
[Bes15, Theorem 2.4 and Section 2.5]).

The system of basic invariants f provides an isomorphism V/W ~ C", which sends the

orbit Ww of v € V to (f1(v),- -+, fu(v)) € C". We denote v; := f;(v).

Definition 2.14. ([Bes15, Definition 7.23]) Let x = W.v € V/W. The multiset LL(x) is
defined as the solutions in T of the polynomial

Af(vl, s ,Unfl,TJrvn) S (C[T]

It is by definition an element of E, := C"/&,. The map LL : V/W — E, is called the
(extended) Lyashko-Looijenga morphism.

Remark 2.15. The original approach in [Bes15] was to study a slightly different application,
denoted by LL (cf |[Besl5, Definition 5.1]). Bessis then suggested that the application LL
was in fact a far better choice.

_ For z € V/W, we have € X/W < 0 ¢ LL(x). By definition this is equivalent to
LL(x) € E;, := (C*)"/&,,. We endow V/W with the quotient of the scalar action of C on
V. We also endow the space of configurations F, with the scalar action of C.

Lemma 2.16. (/Bes15, Lemma 11.1])
Let x € V/W and let A € C*. We have LL(\z) = M'LL(x).

The fat basepoint for X/W is then defined as the following set
U:={xeV/W|LL(z)NiRsy = &}.

That is, x € U if no point of LL(z) is directly above 0. This subset of X/W is open and
contractible ([Besl5, Lemma 6.3]). It can be used as a fat basepoint for defining the braid
group of W (|Besl5, Definition 6.4]). From now on we consider B(W) := m1(X/W,U).

Let € X/W, the points of LL(x) are ordered clockwise starting from “right after
noon” (that is, points lying on the half-line iR>( will be at the end). Points with the same
argument are ordered by increasing module. If z € V/W, the sequence (z1,...,z)) of
points of LL(z) ordered in this way is called the cyclic support of x (|[Bes15, Definition
11.8]).

Remark 2.17. The set of points x € U such that the points in the cyclic support of = all have
distinct arguments is dense in X/W. The ordering we choose allows us to define univalent
desingularization, which preserves the ordering of the points of the cyclic support.

Definition 2.18. (/Bes15, Definition 11.24])
A circular semitunnel is a couple T = (z,L) € U x |0, 27”] The path yr associated with
a semitunnel T is the path

T - [071] — X/W
t —  eitly
We say that T is a circular tunnel if it satisfies the additional condition yr(1) € U.
Let T := (z,L) be a circular (semi)tunnel. Since LL is homogeneous of degree h, the
path LL o 47 corresponds to a continuous rotation of angle hL. Since the path vz starts

and ends in U, it induces a well defined element in B(W) = 1 (X/W,U). From now on we
amalgamate a circular tunnel 7" with the path v it induces in X/W.
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Theorem 2.19. ([Bes15, Proposition 8.5 and Lemma 11.10])

(i) The homotopy class A of the circular tunnel T = (z, 2E) does not depend on z € U.

(i) The projection ¢ of A in W is a Cozeter element of W.

(i1i) Consider S the set of homotopy classes of circular tunnels in B(W). It is endowed
with the relation < defined by s = s’ if s~s' is homotopic to a circular tunnel. The
projection map B(W) — W induces an isomorphism of posets (S, <) =~ (1., <). This
isomorphism induces in turn an isomorphism B(W') ~ G(c).

From now on we fix the Coxeter element ¢ so that we have the isomorphism G(c) =~
B(W) induced by the above theorem. By [Bes15, Lemma 6.13], the element A" in B(W)
represents the full-twist.

Remark 2.20. In [Besl5|, the notion of circular tunnel is preceded by the notion of tunnel
(cf |Besl5l Definition 6.6]). However, |[Besl5, Lemma 11.10] and [Besl5, Corollary 6.18]
show that the two notion are actually synonymous, in the sense that an element of B(W)
is represented by a circular tunnel if and only if it is represented by a tunnel.

The notion of circular tunnel allows us to define the notion of cyclic label, which will
prove crucial in the study of (X/W)Hd. Let x € U, and let (z1,...,xx) be the cyclic support
of . We assume that all the x; have distinct arguments. There is a minimal § € R such
that ez ¢ U. The head of x is defined as the element ¢; of B(W) represented by the
circular tunnel T' = (z, 0 + £), which doesn’t depend on ¢ > 0 small enough. We can then
consider the head of vp(1) = e/®+)y and so on, until all the points of the cyclic support
of z have been labeled.

Definition 2.21. ({Bes15, Definition 11.9])
Let = € U be such that all the points in LL(x) have distinct arguments. The sequence
(s1,+-+,8k) defined above is the cyclic label of x, denoted by clbl(x).

If different points in the cyclic support of © have the same argument, we define clbl(x) as
the cyclic label of some desingularization of x, as in Remark[2.17

Since the elements of clbl(x) are defined as circular tunnels, they are simple elements
in M(c). Thus we can see them as elements of I, C W. Theorem proves that, for
any x € X/W, the product of all the terms of clbl(z) is equal to A in B(W), as it is
represented by the circular tunnel (z, 2%) Thus, if the cyclic support of z contains k

points, then clbl(z) lies inside Dy/(c).

Theorem 2.22. ([Bes15, Proposition 11.13])

A pair (z, (a1, ,ar)) € E; x Di(c) is compatible if the cyclic support of © contains k
points, and their respective multiplicities coincide with (¢r(a1),--- ,lr(ax)).

The map (LL,clbl) induces a bijection between X /W and the set ES [1 D(c) of compatible
pairs. This bijection induces a topology on the latter.

By [Besl5, Remark 7.21], a path 7 in F, admits a unique lift 7 in X/W with fixed
starting point provided that points are only merged and not unmerged in 7(t) when ¢
increases. We want to understand how the cyclic label of 4(¢) changes depending on 7.

Lemma 2.23. (Hurwitz Rule)

Let © € X/W, and let T := (x,L) be a circular tunnel. Let also v : [0,1] — X/W be a
path starting at x and such that, for all t € [0,1], (v(t),L) is a circular tunnel. For all
t € [0,1], the elements in B(W) represented by (v(t), L) and T are equal.

Proof. Let t € [0,1]. Defining H(r,s) := e**ly(rt) yields a homotopy between the paths
associated to T" and to the circular tunnel (y(t), L). O

This easy result is actually quite useful. For instance it implies directly that altering the
module of one (or several) points of the cyclic support of some x € X/W does not affect
the cyclic label.
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Let now x be in X/W and let (x1,---,xg) be its cyclic support. Suppose that we swap
two consecutive points x; and x;+1 of LL(x), there are two natural ways to do so, one going
“farther” than the other:

Ny

Let 'yf and v, denote the first path and the second path, respectively.

Lemma 2.24. Let x € X/W, with cyclic support (x1,...,xy) and cyclic label (s1,...,Sk).
The cyclic labels of v; (1) and ~; (1) are given by

Clbl(’}/j(l)) = (517 ey Si—15Si+1, SfiJrl, Si+2y .-+, Sk)
Clbl(’)/z_(l)) = (Sla ey Si—1, Sisi-‘rlu Siy Si425 -+, Sk)~

Proof. The concatenation of v, and ’y;r gives a homotopically trivial path from z to itself.
In particular the assertion about clbl(y; (1)) follows from that on clbl(v;"(1)). By con-
struction of the cyclic label, we can assume that all the arguments of the points in LL(x)
are distincts. Let then 6 be some angle strictly between the arguments of x;_1 and z;. By
[Bes15, Lemma 11.1], one can replace = by €?/"z and consider 2’ := v (z).

Now if § denotes an angle strictly included between the arguments of xo and x3, then
the circular tunnels (x,0") and (2/,6’) represent the same element in B(W') by the Hurwitz
rule. That is the product of the first two terms of clbl(z) and clbl(2’) are equal. The
Hurwitz rule also shows that the terms of clbl(x) and clbl(z’) are equal for i > 2.

Lastly, the assertion that the first two terms of clbl(z’) are (s2, s7?) follows from [Besl5,
Lemma 11.11], using the notion of reduced label (|Bes15, Definition 7.14]) and a modified
version of the Hurwitz rule (|Besl15, Lemma 6.15]). O

By induction, we see that in general, moving a point of the cyclic support of some
x € X/W may only affect the terms of the cyclic label corresponding to points of the
support with lower module.

2.4. Regular numbers and topological groupoids. We can now move on to the defi-
nition of the Springer category associated to a regular number. We keep the definitions and
notation of the last section. Let d be a regular number for W, let g € W be a (4-regular
element. Let also W, := Cy(g) be the centralizer in W of g. We set

d _h
dnh T dnh
where d A h is the ged of d and h. The categories we are going to consider are defined

as fundamental groupoids with fat basepoints (cf. [Besl5, Appendix A]) having several
contractible connected components. Define

D:= | J ¢iRs,,
CELp
Uy, :={z e X/W | LL(z) N D = &},
Ut .= {x € (X/W)r | LL(z) N D = @}.
The set D is composed of p half-lines starting at 0. It cuts the plane in p sectors P,... P,

labeled clockwise starting from the vertical half-line iRy C D.
In the following example we have p = 3:

pi=
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Lemma 2.25. ([Bes15, Lemma 11.22])

Let © € Uy, with cyclic label (c1,--- ,c;). For i € [1,d], define u; as the product of the
c; corresponding to points inside the sector P;. The cyclic content of x is defined as
cep(z) == (u1,...,up).

The map cc, induces a bijection between the connected components of U, (resp. UH?)
and D,(c) (resp D}(c)). Furthermore the connected components of U, (resp. UHM) are
contractible.

Since the connected components of U, and U/#¢ are contractible, we can use them as fat
basepoint for groupoids in the sense of [Bes15| Definition A.4].

Definition 2.26. ([Bes15, Definition 11.23])

The Springer category associated to W and d is the groupoid
Bi(W) = mi ((X/W)ke, ur)

The functoriality of m gives a natural functor BE(W) — B(W).

Note that Bj(W) is equivalent to the braid group of Wy (in particular, it is a connected
groupoid). We now establish an isomorphism between the topological groupoid Bg(W)
and the category M(c)p. Let s := (a,b) € D;g(c) be a morphism in M (c)j. By Theorem
there is a unique element z5 € U*¢ such that clbl(z) = s and LL(zs) consists of the

(1 2j41
points ¢™ 3775 ) guch that the J-th term of s is nontrivial. The circular tunnel (zs, 77} )
then defines an element of BJ(W) which we denote by bs.

Theorem 2.27. ([Bes15, Theorem 11.28])
The map s — by extends to a groupoid isomorphism G(M (c)f) — BR(W).
We have the following diagram of functors

Tp

M(c)p —— M(c)

.

G(M(c)p) — G(o)

By(W) —— B(W)

As A" € M(c) represents the full-twist in B(W), a d-th root of the full-twist is a (d, h)-
periodic element of M(c). Such an element is conjugate to a (p, ¢)-periodic element of M (c)
by Proposition Let u be an object of BI(W), that is an object of M (c)} or an element
of Di(c). By Theorem the morphism BZ(W) — B(W) sends the automorphism

group BE(W)(u,u) to the centralizer in B(W) of some (p, ¢)-periodic element of M (c), in
particular a d-th root of.

Lemma 2.28. Let u be an object of Bp(W). The group isomorphisms
B(Wy) = B{(W)(u,u) = G(M(c)})(u,v)
maps the full-twist in B(W,) to AP"(u).
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Proof. The morphism A,(u) in M(c)} corresponds to a rotation of angle 2%, while the
P
full-twist corresponds to a rotation of angle 2. O

3. PROPERTIES OF SPRINGER CATEGORIES

Theorem [2.27] gives a way to study the braid group of the centralizer of a regular element
in a well-generated complex reflection group using Garside theory. This section is dedicated
to the study of the categories of periodic elements associated to dual braid monoids, and
to the results we deduce for the associated braid groups.

Let W < GL(V) be an irreducible well-generated complex reflection group of rank n,
with highest degree h. Let d be a regular number for W. We set again

d __h
dnh T dnh
We choose some Coxeter element ¢ in W and we denote by C the category M(c)3 of
(p, q)-periodic elements of the dual braid monoid M(c). The enveloping groupoid B of
C is equivalent to the braid group of the centralizer of some (4-regular element in W by
Theorem

Note again that the full-twist of B(W) is equal to A", where h is the highest degree
of W. The category of (1,h)-periodic elements is then simply the monoid M (c) itself.
Thus the content of this sections also applies to the dual braid monoid of a well-generated
irreducible complex reflection group.

We denote by I¢ the set of elements of I. which are invariant under ¢? (that is, invariant
under conjugation by c9).

3.1. Elementary properties. Recall from Definitions and that C depends on
the sets DI(A), D3(A) and Dg’g(A). Thanks to Remark [2.13| and Proposition we

2p
{pr(U) =Llg(c)=n }
u(ucn) L (uc(p—l)n> — ¢

can replace these by
8= D3(c) = {(a,b) € (I1)* | ab € Ob(C)}
RS = D3i(e) = {(2,y,2) € (I)° | ayz € Ob(C)}

where 7 is the integer associated to (p,q) introduced in Lemma and Remark
Under these definitions, a simple morphism (a, b) in the graph of simples S} goes from ab

to ba®" in C, and an element (x,y, z) of Dgg(c) induces the relation (z,y2)(y, z22¢") = (zy, 2)
in R}. The following lemma is an obvious consequence of the definition of Ob(C).

Lemma 3.1. Let u € Ob(C), the morphism Ap(u) = (u,1) has length {(u) = 3. This
length doesn’t depend on u and every simple morphism in C has length at most %.

pi=

Ob(C) := D(c) ~ {u eIl

Let u € D}(c) be an object of C. The collapse functor 7, : C — M (c) sends A (u) to some
(p, q)-periodic element in M(c). We know that Ap(u) = (u,1) and Ay(¢p(u)) = (@™ 1).
We then have

c clp—1)
mp( A () = my (@ 1)+ (@ 1))

n (p—1)m
=uu® ---u =c

If ¢ := pk + r is the Euclidean division of ¢ by p, then we get
mp(A(u)) = Fu

We know from Theorem that this is a (p, g)-regular element in M (c). This gives
an explicit formula for roots of the full-twist in B(W), provided that one knows how to
compute elements of the sets D/ (c).
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Lemma 3.2. The atoms of C are ezactly the simples s = (a,b) € Sg(c) such that a admits
no proper divisors in I¢. In particular if ¢ is trivial, a simple morphism of C is an atom
if and only if it has length 1.

Proof. The first statement follows directly from Lemma If ¢7 is trivial (that is, if AY
is central in M(c)), then Lemma [L.3§| gives an isomorphism between Sf(u, —) and [1,u]<
where u is the source of s. Thus s is an atom if and only if @ lies in R.. Since by definition
0(s) = £(a), we get the desired result. O

Proposition 3.3. Ifp > 1, then there are no pairs of parallel simples in C that is, a simple
morphism is uniquely determined by its source and target. In particular, for u € Ob(C),

we have Sp(u,u) = {1,} and S (u, pp(u)) = {Ap(u)}.

Proof. Let s := (a,b) be a simple morphism in C, and let u, v denote the source and target
of s, respectively. We have u = ab and v = ba®". We show that b is the left-ged of u and
v in I.. The result is obvious when a = 1, so we assume a # 1. We have ab = ba®, so b
is an obvious left-divisor of ab and ba®. If b is not the ged of ab and ba®”, then there is a
nontrivial common divisor d of a and a¢”. Since p > 1, we have A = aba®'b" - - - (ab)c(p_l)n
and aba®" is simple. Since all elements of I. are balanced, we obtain that d? divides aba®’,
thus d? € I, which contradicts Lemma

Now, let (a/,b') € S have the same source and target as (a,b). We have u = ab = a'V/

and v = ba® = b'a’”". We have b < and v/ < b, so b =1V and (a,b) = (a', V). O

In the case p = 1. There is only one object in C, which corresponds to A € D;(A). The
proposition is then false in this case.

Lemma 3.4. (Lifting words expressing simples)

Let s := (a,b) be a simple morphism in C, and let ai - --a, be a word in I expressing a in
M(c). There is a unique path s1---s, in Sp expressing s in C and such that my(s;) = a;
for alli e [1,r]

Proof. Let u := ab be the source of s. We proceed by >-induction on s. If s is an atom,
then a is an atom of I¢ by Lemma The only word in I¢ expressing a is then a itself
and the result is trivial. Now for the general case, we have a1x = a with x = ao - - - a,. By
Lemma [1.38] s1 := (a1, xb) is the only atom in C with source u and such that m,(s1) = a1.
By induction hypothesis, there is a unique path ss - - - s, expressing (x,ba$") in C and such
that m,(s;) = a; for @ € [2,r]. The path siso---s, is then the unique path expressing s
and such that m,(s;) = a; for i € [1,n]. O

Let s := (a,b) € S§ be a simple morphism in C. Its source is ab = bg"(a’ ") and its
target is bg"(a) = a"v" b, By Lemma and Lemma we deduce the existence of
the following simple morphisms in C

$” := (a*",b) and s7 := (acnb_l,b).
Lemma 3.5. Let s := (a,b) be a simple morphism in C.

(a) The target of s” is the source of s, and the target of s is the source of s*.
(b) We have (s°)# = (s#)" = s.

(c) The paths s°s and ss* are both in greedy normal form in C.

(d) We have ¢p(s*) = (¢p(s))# and ¢p(s”) = (¢p(s))"-

Proof. (a) The target of s° is ba® = ab and the source of s# is a“" b = bat".

(b) We have s# = (a7 b)# = (a’ "<"®,b) = (a,b) = s. The same reasoning proves that
(s#)° = s.

(c) Since s = (a, b) is a simple morphism, ab = u is a simple element in M (c). In particular
a and b are coprime by Proposition We get that the path s’s is greedy by Corollary
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1.390 The path ss# = (s#)’s# is also greedy by the same argument.
(d) We have

(6p(5))" = (@, 5" = (™" 1) = (a%,07) = dy(s")
and
(Dp()* = (8p(s*)F = ((6p(5%)))* = ¢p(s%)
O

The transformation s — s7 is a bijection of the finite set Dgg(c): it has finite order. As
the source of s# is the target of s, there is then a smallest integer n such that s("#) = s.

Definition 3.6. Let s : u — v be a simple morphism in C. The simple loop (of the object
u) associated to s is the morphism

A(s) == ssT s ... 875" € Clu,u)
If s is an atom of C, then we say that A(s) is an atomic loop.

Lemma 3.7. Let s be a simple morphism in C. The simple loop \(s) is rigid, in particular
it lies in its own super-summit set.

Proof. By Lemma (c), the greedy normal form of A(s) is given by
A(s) = ssTs?# ... %

Since s”s is greedy, we get that A(s) is rigid. By Lemma we have cyc(A(s)) = A(s™)
and dec(\(s)) = A(s”). In particular we see that cycling and decycling a simple loop
doesn’t change its inf or its sup. By Proposition we deduce that A(s) lie in its own
super-summit set. O

Remark 3.8. Let u be an object of M(c),. We have

Ap(u)® = (u, 1) = (u", 1) = gp(Ap(u)) = Ap(p(u))
So AMAp(u)) = AI;(U) where k is the smallest integer such that (;Sl;(u) = u. By definition
of C, we have that k divides ¢: there is some k' such that kk’ = ¢. The element (A,)?(u)
is then equal to A(A,(u))¥. By Theorem the group B(u,w) then identifies with the
centralizer in G(c) of m,(A(A,(u))¥).

3.2. The case p = 1. Exceptionally in this Section, we denote by I.(1W) the interval
associated to ¢ in W for the reflection length. Let ¢ be a positive integer. A (1, g)-periodic
element in the dual braid monoid M (¢) is simply given by A?. The associated category of
(1, q)-periodic elements is then the submonoid M (c)?” of M(c). Its set of simple elements
corresponds to the set I.(W)¢* of simple elements which commute with c¢? in W. We have
by Theorem that M (c)?* is a Garside monoid for the braid group of the centralizer
ch = CW(Cq).

Lemma 3.9. Let W be a well-generated irreducible group, and let q be a positive integer.
The group Wea = Cw(c?) (acting on the eigenspace Vea = Ker(c? — (}l)) is well-generated.

Proof. By |Besl5, Theorem 2.4], we known that an irreducible complex reflection group
is well-generated if and only if the sum of its i-th degree (in increasing order) with its
i-th codegree (in decreasing order) is constant and equal to the highest degree. Let n be
the rank of W, we denote the degrees (resp. codegrees) of W by dj,...,d, in increasing
order (resp. df,...,d; in decreasing order). Let d be the order of (/. The integer d is
regular for W and we know by Theorem that the degrees (resp. codegrees) of Weq are
precisely the d; (resp. the d) that are divisible by d. Since d divides h = d; + d} for all
i € [1,n], we have that d divides d; if and only if it divides d}. Thus, if the degrees of Weq
are dj, ..., d;,, then the codegrees of Wes are d ,...,d; . In particular for j € [1, k], we
have d;; + d;‘j = h = d;;, and Wcq is well-generated. O



SPRINGER CATEGORIES FOR REGULAR CENTRALIZERS IN BRAID GROUPS 25

We have ¢ € Wee and, as Ker(c — () C Ker(c¢? — () = Vi, it is a Coxeter element of
Wea. Because of this lemma, we can consider the interval I.(W.q) associated to ¢ in Weq for
the reflection length in W,q. This section is devoted to the proof of the following theorem.

Theorem 3.10. Let W be a well-generated irreducible group with a Coxeter element c,
and let ¢ be a positive integer. The posets I.(W)*" = I.(W,a) are equal. That is, we have
I.(W)*" = I.(Wx) as subsets of Wea and, for s,t € I.(We), we have s < t in W if and
only if s <t in Wea, for the respective reflection length of W and Wea.

Corollary 3.11. Let W be a well-generated irreducible group with a Cozeter element c,
and let q be a positive integer. The monoid M(c)?" is isomorphic to the dual braid monoid
M'(c) associated to Wea.

The corollary comes from the fact that the defining presentation of an interval monoid
only depends on the poset structure of the associated interval (I, <): the defining relations
are all relations of the form s(s~1t) =t for s, € I with s < ¢.

The proof of Theorem [3.10]is ultimately going to rely on a case by case analysis, but we
can do some easy reductions.

Lemma 3.12. We keep the notation of Theorem [3.10 If Theorem holds when q
divides the highest degree of W, then it holds for all values of q.

Proof. Let h be the highest degree of W. Since h is the order of ¢, we have that the order
d of ¢ divides h. we set ¢’ := h/d. The two elements ¢? and ¢4 both have order d in the
cyclic group (c) of order h. There are two integers a and b with ¢?¢ = ¢ and ¢?® = 2. We

then have W = W o, I (W) = IC(W)Cq/ and M(c)?" = M(c)‘z’q/. Thus Theorem [3.10

C

holds for ¢ if and only if it holds for ¢/, which divides h. U

From now on we assume that the integer ¢ divides h, and we set d = h/q. The element
Ais (g = CZ—regular. If d divides all the degrees of W, then ¢? is central in W and we
have W.e = W, Theorem is obvious in this case. If h is the only degree of W divisible
by d, then W,q is a complex reflection group of rank 1: it is cyclic and equal to (c). We
have I.(We) = {Id,c}. On the other hand, any s € I lies in W = (c). We then have
I# = {Id, ¢} by |Besl5, Lemma 12.2]. The poset structure is induced by Id < ¢ in both
cases and Theorem holds.

Note that these two extreme cases are sufficient to prove Theorem [3.10] when W has
rank 2. We now distinguish whether or not W belongs in the infinite series.

The case where W is a well-generated irreducible exceptional group is handled by com-
puter.

If W is a well-generated irreducible group of rank n > 3 belonging to the infinite series
then we have either
- W ~ &,,41 acting the the hyperplane H in C"*! given by the equation ;4 - -+, 41 = 0.

This is not the group G(1,1,n + 1), as the latter acts on a space of dimension n + 1 and

is not irreducible. However, the sets of reflections of these two groups are equal (they are

the transpositions in &,1), and their sets of Coxeter elements are the same (they are
the n + 1-cycles in &,,41). Thus the interval monoids given by W and G(1,1,n + 1) are
the same and we can restrict our attention to the latter group.

- W ~G(m,1,n) for m > 2.

- W ~ G(e,e,n) for e > 2 (this group is always irreducible when n > 3).

3.2.1. W =G(1,1,n) forn > 4. Let fy denote the reflection length in W. Our approach
is largely modeled on that of [BW02, Section 3 and Section 4], which covers the case where
n is even and q = 3.
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Lemma 3.13. Let w = c1--- ¢ be a product of disjoint cycles in W. We have
k k
tw(w) = bw(ei) = (f(e) — 1)
i=1 i=1
where £(c) denotes the size of the support of c.

Proof. The group W is a complexified real reflection group by [DDGKM, Lemma IX.2.19].
The reflection length £y (w) is then given by the codimension of the fixed space of w acting
on C™. Since the ¢; all have disjoint support, the first equality is immediate. For the second
equality, let ¢ = (i3 --- ix) be a k cycle in W. The fixed space of ¢ acting on C" is given
by {(z1,...,2n) € C" | 2;; =z, = --- = x;, } and has codimension k — 1. O

The highest degree of W is n. Let g be a divisor of n, with dg = n. We label the
canonical basis of C™ in the following way

{e(0,1),€(0,2),...,e(0,q9),e(1,1),...,e(d—1,q)}

A guiding idea is to think of e(j,7) as Céei in the vector space C? (with canonical basis
e1,...,eq). We consider the following element of W

c(1,1,n) := (e(0,1) e(0,2) --- e(0,q) e(1,1) --- e(d—1,q))

It is a Coxeter element of W as the vector Y 7 ; Z?;é nime (4. 4) is a (-eigenvector for
¢(1,1,n) which is regular. We have

c(1,1,n)? = (e(0,1) e(1,1) --- e(d—1,1))(e(0,2) --- e(d—1,2))---(e(0,q) --- e(d—1,q))

Lemma 3.14. The eigenspace V := Ker(c(1,1,n)? — (41d) has dimension q and admits a
basis v := {v1,- -+ ,vq}, where

d-1

dei /. .

Vi 1= ch ]6(372)-
=0

The isomorphism of vector spaces V-~ C? given by the basis v induces an isomorphism

between Wee1 1 nye and G(d, 1, q).

Proof. The degrees of W,(; 1 »)e acting on V are the degrees of G(1,1,n) which are divided
by d, that is d,2d,...,dq. In particular, W, 1 )« has rank ¢ and V has dimension ¢. As
the v; are clearly linearly independent, v is a basis for V.

The groups We(i,1,n)e and G(d, 1, q) share the same degrees (cf. [BMR98, Table 2]), and
the same cardinality (since the order of a complex reflection group is the product of its
degrees). We then only have to show that the image of W1 1)« in GL4(C) contains a
generating set of G(d, 1, q), like the one given in [LT09, Section 2.7]. This is a direct check:
- The cycle (e(0,1) e(1,1)---e(d—1,1)) acts trivially on v; for j # 1 and sends v; to (4v1.
- For i € [1,q — 1], the permutation (e(0,3) e(0,i+1))---(e(d—1,i) e(d—1,i+ 1)) swaps

v; and v;q1.

O

From now on, we set W' = W 1 ) and £y the reflection length for elements of W’
regarding the reflections of W' acting on V. The action of ¢(1,1,n) on V is given (in the
basis v) by the matrix

0 Cd
c(d,1,q) =
0
10

which is indeed a Coxeter element for the group G(d, 1,q) (see Section [3.2.2]). The group
G(d,1,q) is endowed with a character x, sending a monomial matrix to the product of its
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nonzero entries. The isomorphism W’ ~ G(d, 1, ¢) of Lemma allows us to define x on
w’.
Let ¢ := (e(j1,41) - e(Jr,ix)) € W be a cycle. We set
W 1= I = (e(jy —1,41) - e(jk — L,ig).

Proposition 3.15. An element o € W lies in W' if and only if can be written as decom-
position as a product of disjoint cycles of the form

o= ClC:(Ll) e C:(Ld_l)CQCgl) e ng_l) e Cacgl) e ng_l)fyl e ryb

where ’yl-(l) =y, for i€ [1,b].

Proof. Our proof is an adaptation of the proof of [BW02| Proposition 3.1], which deals with
the case d = 2. First, it is clear that elements of the given form lie in W’. Conversely, let

o =¢c1 - ¢ be a product of disjoint cycles in &,,. We have that ¢(1,1,n)? centralizes o if

1) 0

and only if¢1 -+ ¢, = ¢ . By uniqueness (up to reordering) of cycle decompositions

in &, for each i either ¢; = cg-l) for some j # i or else ¢; = cZ(.l) . An immediate induction

then gives that o has the required decomposition. [l

We note in particular that the cycles ¢; - - ~c§d_1)

B.15] are disjoint.

Definition 3.16. Let c € W be a cycle such that c, W4 gre disjoint. The product
e .. eld=1) will be denoted by ¢ and called a saturated cycle. If v € W is a cycle lying
in W', we say that v is a balanced cycle.

in the decomposition of Proposition

Proposition states that elements of W' are the products of disjoint saturated cycles
and disjoint balanced cycles.

Lemma 3.17. Let ¢ be a saturated cycle in W'. We have x(¢) =1 and by (c) = £(c) — 1.
Let 7 be a balanced cycle in W'. We have x(v) = (a4 and by () = £(v)/d.

Proof. Let ¢ = (e(j1,41) --- e(jk,ir)) be a cycle such that ¢, ..., are all disjoint. By

assumption, i1, ...,4x are all distinct. One readily sees that ¢ acts on V by
cvp = (émfl_]mvimﬂ Ym e [1,k—1],
cwy, = M

In particular, we have x(¢) = g‘gf_jl . ~§C]l"“7j’“’1 gl_j’“ = 1. The fixed space of ¢ acting on
V' is generated by all the v; with ¢ ¢ {i1,... it} and v;, +---+v;,. Thus by (c) =k—1=
¢(c) — 1 by Lemma and [Shi07, Theorem 2.1].
Let v be a balanced cycle. It can be written as
v = (e(0,i1) e(j2,i2) -+ e(jk,ix) e(1,i1) -+ e(jx +d — 1,ig)).
The action of v on V is then given by
Y Vi = C(Ji‘%viw '
fY'U’l"rn = i”n-’_li]mvi'npkl vm E [[27 k - ]‘]]7
RS S
V-Vi, = Gq V1.
In particular we have () = fo e Qérjk’l Ull_k = (4. The fixed space of v acting on V is
generated by all the v; with ¢ & {i1,...,ix}. Thus ly/(v) = k = £(vy)/d again by Lemma
and [Shi07, Theorem 2.1]. O

By combining Lemma [3.17] and Lemma [3.13] we obtain the following proposition.
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Proposition 3.18. Let 0 = ¢1---Coy1--- Y € W'. The reflection length of o in W and
W' are given by
b

bw(o) = dl(c;) = 1)+ > (U(w) = 1) and by (o) =Y (L) — 1) +
i=1

7j=1 i=1 J

(i)

d

b
=1
In particular, we have lyy (o) + b = dly (o).

This relation between reflection lengths in W and in W’ will be the key element in our
proof of Theorem for the case W = G(1,1,n).

Lemma 3.19. Let D be a nontrivial diagonal matriz in G(d,1,q). We have D =< ¢(d,1,q)
in G(d,1,q) if and only if D is a diagonal reflection s with x(s) = (g.
Proof. By [Shi07, Theorem 2.1], the reflection length {414 (D) of D in G(d, 1,q) is the

number of nontrivial diagonal entries of D. The underlying permutation of D~'¢(d, 1, q)
is an n-cycle. Thus, again by [Shi07, Theorem 2.1], we have

n—1 if x(D) = x(c(d,1,9)) = G

n otherwise

laa,g(D 7 e(d, 1,q) = {

If D is non trivial (i.e if its reflection length is nonzero), we get D < ¢(d, 1, q) if and only
if x(D) = (4 and D has exactly one nontrivial diagonal entry. O

Proposition 3.20. Let 0 = ¢1---Cay1---m € W'o If o € Iqiny(W') or if o €
L1 (W), then b € {0,1} and x(o) = Cfl.

Proof. Let v = (e(0,41) e(j2,%2) --- e(Jk,ix) e(1,41) --- e(jr +d — 1,4x)) be a balanced
cycle. The diagonal reflection of W’ sending v; to (qv; is given by s; := (e(0,4) - - - e(d—1,4)).
We have that s{lly = (e(0,41)---e(Jk,ix)) - - (e(d—1,41) - - - e(jr +d —1,4x)) is a saturated
cycle. Proposition then gives that fyy(s;,) + KW/(salfy) =14+k—1=k=/{y (y) and
sy, <y in W'

Assume that o € I, (W’) and b > 1. Since 71 and 72 have disjoint support, we
deduce that there are two diagonal reflections s, s’ of W’ such that s < v1,5 < 79, ss’ # 1d
and x(ss’) = (3. We then have ss’ < ¢(1,1,n) in W’ which contradicts Lemma

Assume now that o € I, 1 ,)(W). By [DDGKM, Proposition IX.2.7], the set theoretic
partition of the set p, induced by o is noncrossing (in the sense of [BC06, Section 1.2]).
If b > 1, then the orbits of v; and ~» induce two parts of u, whose convex hull contain 0.

Thus the partition of j, induced by o is crossing and o ¢ I.(; 1 ,)(W).

The assumption on x(o) is a direct consequence of Lemma

[l
Proposition 3.21. The two posets IC(LI,”)(W)C(LL”)CI and Io1 1.0y (W') are equal.
Proof. First, we show that the two sets IC(LLR)(W)C(l’L”)q and I.(1,1,,)(W’) are equal. Let
0 € Iq,1,,(W'). By Proposition we have x(0) € {1,{s} and x(oc7te(1,1,n)) =
x(0)~1¢y. Proposition then gives
(o) + bw(o te(1,1,n)) = w10 (0) + Al 4 g (07 te(1,1,n)) — 1

= d(lw,; 1.0 (0) W, 1 e (07 te(1,1,n))) — 1

= déWc(l,l,n)q (C(l, 1, n)q) -1

= bw(c(1,1,n))

and o € Io(1,1,,)(W). The same reasoning gives IC(LL”)(W)C(LL”)(Z C Lor,1,m) (W).
Let now 0,7 € Ioq,1.0)(W'), we have to show that ¢ < 7 in W’ if and only if 0 < 7 in
W. We consider four cases
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- x(0) =1 and x(7) = 1. We have ly (o) = dly (o) and by (1) = dly (7). If 0 < 7 in
W (resp. in W’), then o~ € I 1, (W') is such that x(c~'7) = 1. We then have
bw(o™tr) = dly(oc717) and o0 < 7 in W' (resp. in W).

- x(0) = (g and x(7) = 1. We cannot have o < 7 in either W or W' since this would imply
that o~ '7 is an element of I.x 1 ,,)(W’) with x(o7'7) = ¢, (we can assume (g # —1
since the case d = 2 is known by [BW02, Lemma 4.8]).

- x(0) =1 and x(7) = (4. We have lyy (o) = dly (o) and by (1) +1 = dEW/( ). Ifo <71

in W (resp. in W), then o~ '7 € I.q1,,)(W’) is such that x(c ') = (3. We then have
bw(o™tr)+ 1 =dly (o7 t7) and ¢ < 7 in W' (resp. in W).
- x(0) = (g and x(7) = (4. We have by (o) + 1 = dly (o) and by (1) + 1 = dly (7). If

o <X 7in W (resp. in W), then 6~ '7 € I (11 ,)(W’) is such that x (o~ ) 1. We then
have fyy (0~ 17) = dly+(o~7) and o < 7 in W’ (resp. in W).
]

This closes the proof of Theorem [3.10| in this case. We have the following corollary,
which substantiates [BC06, Remark at the end of Section 7], for which we could not find
a proof in the literature.

Corollary 3.22. The map from G(d,1,q) to the set of partitions of the reqular n-gon that
sends every element of G(d,1,q) to the partition given by the orbits of its image in S,
induces a poset isomorphism from I, 14 (G(d,1,q)) to NCP(d,1,q) := NCP(1,1,n)H,
where NCP(1,1,n) denotes the set of noncrossing partitions of the reqular n-gon (in the
sense of (BC00, Section 1.2]).

Proof. The embedding G(d, 1,q) — G(1,1,n) as the centralizer of ¢(1,1,n)? identifies the
posets I(q1,4)(G(d,1,q)) and I 1, (W') = Ic(l,l’n)(W)c(le‘J). On the other hand, the
map from G(1,1,n) to the set of partitions of the regular n-gon that sends every ele-
ment of G(1,1,n) to the partition given by its orbits induces a poset isomorphism from
I1,1,0)(G(1,1,n)) to NCP(1,1,n) ([DDGKM, Proposition IX.2.7]).

Under this isomorphism, the action of ¢(1,1,n) by conjugation corresponds to a rotation

T

of angle % Thus the isomorphism I 1 ,)(W) =~ NCP(1,1,n) induces an isomorphism

between I, 1n)(W)C(1’1’”)q and NCP(1,1,n)"d as claimed. O
3.2.2. W =G(m,1,n) for m > 2. The highest degree of W is mn. We endow W with the
Coxeter element
0 Cm
10
c(m,1,n) = 1
0
1 0

A (n-eigenvector for ¢(m, 1,n) which is regular is given by (% le; + (" 2e9 + -+ + ep.
We have seen in Section that G(m,1,n) can be realized as the centralizer in W' :=
G(1,1,mn) of ¢(1,1,mn)™, and this identification sends ¢(m, 1,n) to ¢(1,1, mn). Let ¢ be
a divisor of mn. We have
Wc(m,l,n)q = (Wc(l,l,mn)m)c(l,l,mn)q = WCI(LLmn)qu

This identification induces the following isomorphisms of posets
Ic(m,lm,) (W)C(m,l,n)q ~ (IC(l,l,mn) (WC/(LLmn)m))C(l,l,mn)q

Ic(m,l,n) (Wc(m,l,n)q) = Ic(Ll,mn) (Wc,(lyl,mn)qu)
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By Section [3.2.1] we have equalities of posets
(I (1 1 mn) (W/(1717mn) ))6(1,1,mn)‘1 (IC(Ll,mn) (W/>C(1,1,mn)m)c(l,l,mn)q
(W/)c(l,l,mn)qu

2~

¢(1,1,mn)
=1, c(1,1 mn)(Wc/(l,l,mn)qvm)

which gives the desired results.

3.2.3. W = Gl(e,e,n) for e =2, n > 3. The highest degree of W is e(n — 1). We start by

considering the group W' := G(e,1,n — 1). The character x : W/ — C* giving the product
of the nonzero entries allows us to define an embedding

i W o— W
XM=t 0
M — ( 0 M
The element c(e,e,n) = i(c(e,1,n — 1)) is a Coxeter element for W. For instance

Z( 2 pez+ Ce(n—1)€n—1 1 €n is & (,(,—1)-eigenvector for c(e, e,n) which is regular. Let

g be a divisor of e(n — 1). We have

el 0
cle,e;n)” = (CO cle,1,n — 1)‘1)

We can compute directly the centralizer of this element in W.
Proposition 3.23. Let q be a positive integer dividing e(n — 1).
(a) If 1) Givides q, then W = We(c e nya- In particular Theorem holds.

eAn

(b) If e(:/\nl) does not divide q, then i induces an isomorphism between W’( and

c(e,1,n—1)14
Wc(e,e,n)q .

Proof. (a) Assume that M] = ¢ for some integer j. Since dq = e(n—1), we obtain that
d= G/J\" divides e A n, which is the ged of the degrees of W (cf. [BMRI8, Table 2]). The
degrees of W . ) are then the same as that of .

(b) We denote d the integer such that dg = e(n — 1). Let w € W. We write w as a block

matrix.
(XY
“=\z T

with X € M1(C), Y € M1,n71(C), YAS Mn7171(C) and T € Mnflynfl((C). We find

cle,1,n—1)17Z2 =¢(1Z
w € Weeenya & { Ye(e,1,n —1)1 = %
Tc(e,1,n — 1)1 =c(e,1,n —1)IT
as w is a monomial matrix, Z and Y have at most one nonzero coefficient. Suppose
that Z # 0, then c(e,1,n — 1)7 has a diagonal coefficient equal to ;. The underlying
permutation of ¢(e,1,n — 1) is a (n — 1)-cycle. Thus ¢(e, 1,n — 1)? has a nonzero diagonal
coefficient if and only if (n — 1) divides q.

Let j be an integer such that j(n — 1) = ¢. Since dg = e(n — 1), we have dj = e. We
also have c(e,1,n —1)7 = (c(e,1,n — 1)" 1) = ¢ Id. Thus c(e,1,n — 1)7Z = ¢ 9Z if and
only if Cg = (. 7, that is, j = —¢ mod e. Since j(n — 1) = ¢, we obtain that there is some
integer k with jn = kjd. Thus kd = n and d divides n. We have already shown that d
divides e, we obtain that d divides e A n and that < ( D divides q.

The same reasoning shows that Y = 0 implies that e(”/\ U divides q. We obtain Y = 0,

Z =0, and w € W p)a if and only if w = i(T) with T € Wcl(e 1n—1)a" U
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e(:/\:ll) does not divide g. The isomorphism between

induced by ¢ induces in turn an isomorphism of posets

From now on, we suppose that

Wc(e,e,n)q and Wé(e,l,nfl)q

Ic(e,l,nfl) (Wc/(&l,nfl)II) =~ Ic(e,e,n) (Wc(e,e,n)q )
On the other hand, we know from Section [3.2.2] that the two posets
Ic(e,l,n—l)(W)C(E’Ln_l)q and Ic(e,l,n—l)(Wcl(e,Lnfl)q)

are equal. To show that Theorem [3.10] holds in this case, it only remains to show that
the morphism ¢ induces an isomorphism of posets between 16(6717,1_1)(W’)C(E’L”_l)q and
Ic(67€7n)(W)c(e’e’”)q. By [BC06, Remark after Lemma 1.22], c(e, e, n) induces a free action

(of a cyclic group of order @) on the set Io(cen) (W) \ i(Zee,1,n—1)(W')). Since eln=1)

An eAn
does not divide ¢ by assumption, we get

Ic(e,e,n) (W)c(e,e,n)q = Z.(Ic(e,lm,—l)(W/))C(e’em)q =1 (Ic(e,l,n—l)(W,)c(&l,n_l)q)
which finishes the proof.

3.3. Presentation by Hurwitz relations. As a category of periodic elements, C has been
defined by the categorical presentation (Sp | Rj)T. In practice, we want a presentation
with less generators, for instance with only the atoms of C as generators. Such a result is
known in the case of the dual braid monoid M (¢), which is presented by its atoms, endowed
with the Hurwitz relations (see Remark [2.10)).

Let A be the set of atoms of C. Recall from Lemma that A is made of the simples
(a,b) such that a admits no proper ¢%-invariant left-divisor in M(c).

Lemma 3.24. Let s := (a,b) and t := (d, e) be two composable atoms in C. The product
st is either its own greedy normal form, or it is equal to the simple r = (ad,d™'b).

Proof. If st is not a greedy path, then the left-gcd of ¢t and § is nontrivial. Since t is an
atom, we then get that ¢t <5, i.e d < b in M(c). In which case st = (ad,d~'b) is a simple
morphism. O

v
lt
w
The square is commutative if and only if one of the following conditions is met:

(1) s=o andt=rT.
(2) mp(oT) = mp(st) € I.. In this case, st = o is a simple morphism.

Proof. Let us denote s = (a,b),t = (d,e),0 = («, f) and 7 = (0, ¢).

Suppose that we have st = o7 and s # ¢. Since both s and ¢ are atoms, we have s A ¢
and o A s: the paths st,or are not in greedy normal form. By Lemma oT = stis a
simple morphism, and we have m,(o7) = m,(st) € L.

Conversely, assume that m,(c7) = ad = ad = mp(st) lies in I.. If p = 1 then m, is
injective by Section [1.3.1] and o7 = st, thus we can suppose that p > 1. Let ax = ay
be the right-lem of @ and a in I.. Let also ¢(z) and 1 (y) be the elements introduced in
Lemma We have ax =< ad and ¢ < d. By Lemma we have ¥(x) < d, thus
Y(x) = d by Lemma The same argument gives ¥(y) = J. Since s and o share the
same source, we have ab = aff. We deduce x < b,y < 3, and d < b, <  again by Lemma
This proves that st and o7 are simple morphisms with the same source and target:
they are equal by Proposition [3.3] O

Lemma 3.25. Consider a square of atoms in C

u

a’i

/

v —
=

S
_—
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Definition 3.26. We call Hurwitz relations on C the relations of the form st = 7o,
where s,t,7,0 are atoms in C, and m,(07) = my(st) € I.. We call H the set of Hurwitz
relations in C.

Theorem 3.27. The category C is presented by the atoms and the Hurwitz relations, that
isC=(A| H)T.

Proof. If p = 1, this is already known from Corollary since dual braid monoids
are presented by their atoms, endowed with Hurwitz relations (cf. [Besld, Lemma 8.8]).
Suppose now that p > 1. We know that C is generated by its atoms, and that the defining
relations of C imply the Hurwitz relations. It remains to show that the defining relations
of C are implied by the Hurwitz relations.

Let st = u be a defining relation of C. We consider three paths of atoms in C

81+ Sp, tltka UL+ U,
expressing s,t and u, respectively. We set a; = mp(s;) for i € [1,7], b; := m,(t;) for i € [1,k]
and a; := m,(u;) for i € [1,m]. In M(c)?*, the two words

ai...apby-- by and aq -+ -y

express the same element m,(u). Since M (c)?* is presented by the Hurwitz relations (this
is the case p = 1), there is a sequence of words 1, . .., fi,, in the atoms of M(c)?’ such that
S =ai-arby by
- /JTL — al e am
- Fori € [1,n — 1], u; and p;41 are related by a Hurwitz relation in M (c)?".
In particular, each of the u; expresses the element m,(u) in M(c)?*. By Lemma @ each
p; admits a unique lift p; in C, and each of the p; expresses u in C. By Lemma [3.25] the

paths p; and p; 41 are related by a Hurwitz relation in C for i € [1,n —1]. In particular the
equality st = u is implied by the Hurwitz relations in C. O

This presentation can be seen as an analogue of Remark for categories of periodic
elements of dual braid monoids. This new presentation will be useful for computational
purposes in Section [4]

3.4. Braided reflections and atomic loops. In this section we give a description of
braided reflections in B(W),) in terms of atomic loops in the category C. Namely we prove
that a braided reflection is conjugate to an atomic loop. We keep the same notation as in
the last sections.

Since the homeomorphism between X, /W, and (X/W)* doesn’t depend on a choice,
we can identify the two spaces. The choice of a basepoint x € U4 induces an isomorphism
between B(W,) ~ m1(X,/Wy,x) and B(u,u), where u is the connected component of z in
U*d. By Remark a change of basepoint preserves the set of braided reflections.

We explicit the definition of braided reflections in the context of the topological tools of

Section [2.3] and 2.41

Proposition 3.28. ([Bes15, Definition 11.12 and Proposition 11.13])

The bijection (LL,clbl) of Theorem restricts to a bijection between (X/W)Hd and the
set (E9)*» 1 S) of compatible pairs where the first term is py-invariant, and the second
term belongs in Sp.

Following this proposition, we can now see the cyclic label of some z € (X/W)Hd as an
element of S}, with the convention introduced in Section

Let a € (V/W)H4 be on the smooth part of some irreducible divisor of the discriminant
hypersurface in (V/W)td. For ( € C*, the point (a lies on the smooth part of the same
irreducible divisor as a. In particular, we can replace a by some (a for ¢ € S! so that no
point of LL(a) lies on D. From now on we assume that this condition is met.
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Since LL is a (ramified) covering ([Bes15, Theorem 5.3]), it is an open map. The choice
of a neighborhood of a then induces a neighborhood of LL(a) in E, that is, a neighborhood
in C of each point of the cyclic support of LL(a).

- If x € C* is in the support of LL(a), the associated neighborhood is called an outer
netghborhood.

- If a lies on the discriminant hypersurface, that is if 0 € LL(a), we call central
neighborhood the neighborhood of 0 € LL(a).

Definition 3.29. Let a € V/W be a point such that LL(a) N D = @. We we say that a
neighborhood of a in V/W is confining if the induced neighborhood of LL(a) satisfies the
following conditions

(1) The outer neighborhoods do not overlap in module the central neighborhood.

(2) The outer neighborhoods never contain points in D.

It is easy to see that any confining neighborhood are stable under intersection and that
they make up a basis of neighborhoods of a in V//W. The goal of a confining neighborhood
is to “isolate” the central neighborhood, so that the exterior points of LL(a) cannot interfere
with the points in the central neighborhood, as seen in the example below

IE)

|
|
|
|
|
|
|
|
!
!
|
|
’\
PN

Let now a € (V/W)#d be such that no point of LL(a) lies on D, and let U be a confining
neighborhood of a in V/W. The set U N (V/W)#4 is a neighborhood of @ in (V/W)*d. In
particular we have that U NU*< is nonempty since U< is dense in (V/WW)Hd.

Lemma 3.30. Let a € (V/W)Hd be such that no point of LL(a) lies on D, and let U be
a confining neighborhood of a in V/W. Let also x € U NUH4 and let u be the connected
component of x in U'd. There is some s = s(z) € Sp(u, —) such that the image of w1 (U N
(X/W)Hd x) in B(u,u) contains all the simple loops A(t) with t < s in C.

Proof. We denote by 5 = f(x) the product (in clockwise order) of the terms of clbl(x)
corresponding to the outer points in the sector P;. Let v be a path in U N (X/W )t
starting from . For all ¢ € [0, 1] such that ~(t) € U*, we have B(v(t)) = f(x) by Lemma
and the following discussion.

We consider the path v which consists in sliding the central points in each sector together
and then counterclockwise next to the associated half-line:
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This standardization motion is homotopically trivial and only impacts the cyclic label.
Let @« = a(z) be the first term of the cyclic label of «(1). The cyclic label of (1) is
given by («,$1,...,8;) with s1---s, = b. We associate to x the well defined element
s=s(x) = (o, ) € S (v is also defined by the equality u = af3).

Let t = (d,e) be a left-divisor of s in C. There is some m € S%* such that dm = « and
mp = e. We can desingularize (1) so that we obtain a point 2’ € U NU 4 with cyclic label
(d,m,s1,...,s;). The path in UN(X/W)Hd starting from 2’ and consisting in rotating the
central points to the left, so that the first point of the cyclic support goes into the sector
P,, represents the simple morphism ¢ in B.

o fg Ny T
Let 21 denote the endpoint of this motion. The cyclic label of 1 is (m, s1,. .., s, d°"). By
applying a standardization motion 71, we get a point v1(1) with cyclic label
(d"™SSk sy, ) = (d6 my s, . Sg)
We see that the circular tunnel associated to v(1) represents ¢* in C. By an immediate
induction, we obtain that A(t) lies in the image of 71 (U N (X/W)H4, x) in B(u,u). O

Theorem 3.31. Let u be an object of C, and let s € C(u,—) be an atom. The atomic
loop A(s) is a braided reflection in the group B(u,u) ~ B(W,). Conversely, any braided
reflection in B(W,) =~ B(u,u) is conjugate in B to some atomic loop.

Proof. First, if p = 1, then B = M(c)?" is isomorphic to the dual braid monoid associated
to Wy by Corollary The result is already known in this case: the braided reflections
in B(W,) are exactly the elements that are conjugated to atoms of the dual braid monoid.

From now on we assume that p > 1. Let s = («,3) be an atom of C. We consider the
element xs of s used to define the circular tunnel b; of Theorem Let v be the path
consisting of sliding the first point of LL(x,) in each sector towards the center

c.

The endpoint of v lies on the discriminant hypersurface. Let U be a confining neighborhood
of (1) and let > 0 be such that () € U. The cyclic label of v(r) is (o, §). By Lemma
the image of w1 (U N (X/W )t ~(r)) in B(u,u) contains A(s).

Next, let h € m (U N (X/W)H4 ~(r)) be represented by a loop . We can choose 6 so
that, at any given t € [0,1], at most one point of LL(6(¢)) lies in the half-line iR™ (as
points which do not satisfy this form a a subspace of real codimension 2). This expresses
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f as a concatenation of paths in U N (X/W)#4 homotopic to circular tunnels (and their
inverses).

Let ¢t = (d,e) be a simple morphism represented by a path inside U N (X/W)t. By
Lemma [2.24] and the following discussion, both the source and target of ¢ are elements
of M(c) divisible by 8. Since p > 1, the proof of Proposition gives that e which is
the ged in M(c) of the source and target of ¢. We then have that 5 divides e and ¢ left-
divides s. The same reasoning (by induction) gives that the only morphisms represented
by a concatenation of paths in U N (X/W)Hd (starting from ~(r)) homotopic to circular
tunnels are of the form ss#s## ... or (ss* ---)~1. We obtain that w1 (U N (X/W)Hd ~(r))
is cyclic and generated by a path representing A(s) in B, which proves that A(s) is a braided
reflection in B(u, u).

Conversely, let v be a path from some x € u to the smooth part of some irreducible
divisor of the discriminant in X /W, ~ (X /W ). Let also p., denote the braided reflection
associated to 7. Up to conjugacy in B(u,u), we can assume that the endpoint a of v is
such that no point of LL(a) lies on D and that, for all ¢ € [0, 1], there is some r € [t, 1]
such that LL(y(r)) € U*.

Let U be a small enough confining neighborhood of a so that the fundamental group of
U N (X/W)k is infinite cyclic. Let also r € [0, 1] be such that y := ~(r) lies in U NUH4.
We denote by v the connected component of y in UHd.

Consider the element s = s(y) introduced in Lemma We claim that s is an atom
of C. Otherwise, s admits two distinct left-divisors o and ¢’ (indeed, s(x) is the right-lem
of the atoms which divide it). Lemma implies that the image of 7 (U N (X/W)Hd, y)
in B(v,v) contains both A(c) and A(¢”). Since m (U N (X/W)H4, x) is cyclic, there are two
integers k and k” such that A\(¢)¥ = A(¢’)¥. Since both A(¢) and A(¢’) are rigid, this is
impossible.

Again, as every element of 71 (U N (X/W)Hd y) is represented by a path homotopic to
a concatenation of circular tunnels, we obtain that the image of w1 (U N (X/W)H4 y) in
B(v,v) is generated by A(s). The path 7, : t — ~(rt) then gives a conjugator in B between
the braided reflection p in B(u,u) and A(s) € B(v,v). O

3.5. Conjugacy of atomic loops and centers of finite index subgroups. In this
section we study the super-summit set of (powers of) atomic loops in C. We deduce results
on the center of finite index subgroups of B(Wj). More precisely we obtain new Garside
theoretic proofs of [Bes15|, Corollary 12.7] and of [DMM11}, Theorem 1.4] in the case of the
centralizer of a regular element in a well-generated irreducible complex reflection group.

Note again that our approach covers in particular the dual braid monoid associated to
a well-generated irreducible complex reflection group.

Definition 3.32. Let C be a small category. The center of C is the set Z(C) of natural
transformation from the functor l¢ to itself.

The data of an element z of Z(C) is equivalent to the data, for every object u of C, of a
morphism z, such that
VfeCluv),zof = fz
If C = M is a monoid, we recover the classical definition of the center. Note that Z(C) is
always a monoid. Moreover, the center Z(G) of a groupoid G is a group.

Lemma 3.33. Let G be a connected groupoid, and let u be an object of G. The map

r: Z(G) — Z(G(u,u))
P

18 an isomorphism of groups.

Proof. The map r is clearly a morphism of groups. We choose, for every v € Ob(G), a
morphism m, : v — v. Let zg € Z(G(u,u)) be a central element. We define an element =z
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of Z(G) by defining, for every v € Ob(G):
1

Zy 1= My, ZoMy

1

We have in particular z,, = m,, *zpm, = 2o since zy is central. Let f : v — w be a morphism

in G, we have
2o f = my L zomy f = my tzo(my fmg )me = my (my fmogt) 20me = £z
and z is indeed in Z(G). The map zp — z is the inverse of r. O

It is known from [BMR9S8| Theorem 2.24] and [Bes15, Theorem 12.3 and Corollary 12.7]
that the center of an irreducible complex braid group is cyclic. The center of the Springer
groupoid B is also cyclic since B is connected. Under a combinatorial assumption on the
integer d, we get that the center of C (and B) is actually generated by some power of the
Garside map A.

Proposition 3.34. If d is the gcd of the degrees of W which it divides, then both Z(C)
and Z(B) are cyclic and generated by A}

Proof. First, as A, is a natural transformation from 1¢ to ¢,, and as ¢f = 1¢, we get that
A} lies in the center of C.

We claim that Z(B) is generated by Z(C) and A, ?. Let 2 € Z(B), and let u € Ob(B). We
set m, := inf(2,). Since B admits a finite number of objects (Dj(c) is finite by definition),
there is some kq for k € Z>¢ such that kq + n, > 0 for all object u. We then have that
ARy Z(C) and z = A, *(AF2) as claimed.

Now, let p be a generator of the center of B(W,) ~ B(u,u). As A}(u) € Z(B(u,u)),
there is some integer k such that p* = Aj(u). That is p is a (pk, q)-regular element in 3.
By applying 7,, we get that m,(p) is a (pk, ¢)-regular element of B(WW). By assumption,
we have

Wp(B(%U)) = CB(W) (Wp(Ag)) C CB(W)(Wp(P))-
We also have Cp(w)(mp(A9)) D Cpw)(mp(p)) since m,(AF) is a power of m,(p). The element
mp(p) is then a dk-regular braid in B(W) with the same centralizer as a d-regular braid.
Since d is maximal regarding to divisibility, we get that £k = +1. Thus p = A;t %(u) which
shows the proposition. O

Remark 3.35. The assumption that d is the ged of the degrees of W which it divides is
important, otherwise Z(C) is generated by some root of Aj. For instance in the group
W = G37, the integers di = 5 and dy = 10 are regulars. We have (p1,¢1) = (1,6) and
(p2,q2) = (1,3). The associated categories of periodic elements are then monoids, given
by C’M(C)(AS) and C’M(C)(AG), respectively. Because d; and ds both divide 2 degrees of W,
those centralizers are equal, and their centers are both equal to (A3)T.

Lemma 3.36. Let A(s) be an atomic loop of some object u of C. Lett:u — v be an atom
in C. If the path st is not greedy, then we have \(s)t = tA(s') for some atomic loop A(s')

of v.
Proof. Let \(s) = s,,---s1 where s1 = s” and s;41 := s’ for i € [1,n — 1] (in particular we
have s, = s). We denote ¢ := (o, 3) and s; := (a;,b) for ¢ € [1,n]. By Corollary if
s°t is not greedy, then we have a < b. Let then z be such that ax = b. We have
Sbt = (ab b)(avﬁ) = (alavl‘) = (a7a(11x)(a(117$acn)'

We set t1 := (o, afx) and o1 = (af, zac"). Again, as a < b, the path syt is not greedy, and
we have

sot1 = (a2, b) (o, afx) = (aser, z) = (o, a5x) (aS, za"),
and we set again to = (a,aSz), o2 := (a§,ra"). By an immediate induction, we get
A(8)t = tpoy, -+ - o1, With ¢, := (o, a%x) and o; := (a%,za") for i € [1,n]. The two simple
morphisms ¢ and ¢, share the same source, and we have m,(t) = m,(t,). By Lemma [1.38]
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we have t = ¢,,. For i € [1,n — 1], the target of ;11 is the source of o;, and the second
terms of o; and 0,41 are both equal to za¢". Thus o; is equal to aﬁl, again by Lemma
.38

We claim that o, ---01 = A(oy). Since o; = inl for ¢ € [1,n — 1], we only have to
show that oy is the first o; with target v. The target of o; is z(aa$)®") = z(a;a)*", and
the source of o, is the target of oy, that is v = z(a1a)®". By cancellativity of M (c), we get
that the target of o; is v only if ¢ = 1, for i € [1,n]. O

Theorem 3.37. Let \(s) € C(u,u) be an atomic loop of some object u, and let f € G. If
there is some endomorphism z € C such that \(s)"f = fz for somen > 1, then z = \(s')"
for some atomic loop \(s') such that \(s)f = fA(s').

Proof. We do the proof in several steps.

1. fis an atom. By assumption, we have f < A(s)"f. If A\(s)"f is in greedy normal form,
we get f < s. Thus f is trivial or f = s. We have A(s)/ = A(s) in the first case, and
A(s)Y = A(s#) in the second case. If A(s)"f is not in greedy normal form, then s f
is not in greedy normal form. By Lemma we get that A(s)/ is an atomic loop,
hence the desired result.

2. f is a simple morphism. Since C is homogeneous, we can proceed by >=-induction
on f. The case where f is an atom has already been dealt with. If f is not an
atom, then A(s)"f cannot be in greedy normal form as f =< s is impossible. Thus
s”f is not greedy, and there is some decomposition f = tf’ with ¢ an atom such that
st is not greedy. By the first point we have that A(s)! is of the form A(s'). Since
z = M) = X(s)F" = A(¢')', the induction hypothesis gives the desired result.

3. f is an arbitrary morphism in B. We have that Aj(u) is central in B(u,u), thus
(A(s)”)qu(“)f = (\(s)")/ = z for all k € Z. By choosing some k big enough so that
kq+inf(f) > 0, we can replace f with A’;q(u)f and assume that f € C. We claim that
both A(s)™ and z lie in SSS(A(s)™). First, as atomic loops are rigid, we have

cye(A(s)) = (s7 - §s")s = A(s7) = dec(A(s)).

Powers of atomic loops are also rigid, and we have cyc(A(s)") = dec(A(s)") = A\(s7)".
Because of Proposition we get that A(s)™ lies in SSS(A(s)™). Then, we have
inf(z) > 0 as z lies in C, so inf(z) = 0 as inf(z) < inf(\(s)™). Lastly, we have sup(z) >
sup(A(s)™) = nm (where m is the length of A(s)). Since every simple morphism has
length at least 1, and since inf(z) = 0, we get mn = {(z) > sup(z) > nm and
sup(z) = nm, so z € SSS(A(s)"). Let s1---s, be the greedy normal form of f € C.
By Proposition each (A(s)™)%1% lies in SSS(A(s)™), in particular is positive. By
an immediate induction using the second case, we get that z is of the form A(¢)", with
As) = A(t).

(]

This theorem is an analogue of [DMM11, Proposition 2.2] in the context of Springer
categories. It gives in particular a complete description of super-summit sets of atomic
loops and their powers.

Corollary 3.38. Let u € Ob(B), and let 0 € B(Wy) ~ B(u,u) be a braided reflection.
The super-summit set of o in B consists of all the atomic loops to which o is conjugate in
B. Furthermore, for n > 1, we have

SSS(0™) = {A(s)" | A(s) € SSS()}

Proof. We already showed that o is conjugate to some atomic loop A(s) € B, and that
A(s) € SSS(A(s)) for all atomic loops A(s). If g € SSS(A(s)), then g is a positive conjugate
of A(s) and Theorem gives that g is an atomic loop.
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We also have A\(s)" € SSS(0"). If g € SSS(c™), then we also have that g is a positive
conjugate of A(s)"™. We get that ¢ is of the form A(s)" for some conjugate A(s") of A(s) by
Theorem [3.37 O

Like in [DMM11], our theorem on conjugacy of atomic loops has the following corollary
on the center of finite index subgroups.

Corollary 3.39. Let U be a finite index subgroup of B(Wg) ~ B(u,u). We have Z(U) C
Z(B(Wy))-

Proof. Let 0 € B(W,) be a braided reflection, and let € Z(U). Since U is of finite index,
there is some n > 1 with zo” = ¢"x. We claim that cx = zo.

By Theorem m there is some morphism f : v — v in B such that of = A(s) is an
atomic loop. We define 2’ := zf and U’ := Uf c B(v,v). By Theorem since \(s)™* =
A(s)™, we have A(s)z = xA(s') for some atomic loop A(s’) such that A\(s')" = A(s)™. Since
atomic loops are rigid, the equality A(s)™ = A(s")™ implies A(s) = A\(s’) and 2/ commutes
with A(s). We obtain that x commutes with every braided reflection in B(u,u), and thus
lies in Z(B(u,u)). O

3.5.1. The case p = 1. In this case, for any simple s, we have s# = " = s and A(s) = s.
Lemma [3.36]is then a mere consequence of the fact that every simple element is balanced.
Theorem is just [DMM11} Proposition 2.2] in the case of the dual braid monoid.

4. PRESENTATIONS OF THE BRAID GROUP B(G31)

The goal of this section is to apply the previous results to the complex braid group
B(G31). In particular we prove several positive homogeneous presentations of this group,
where the generators are braided reflections.

We first consider the complex reflection group Gs7, which is isomorphic to the real
reflection group of type Eg. Let M (c) be the dual braid monoid associated to some Coxeter
element ¢ of G37. We denote again its set of simple elements by I.. We have seen in Example
2.7 that the integer 4 is regular for Gs7, and that the associated centralizer is isomorphic
to G'31. Since the Coxeter number of Gs7 is h = 30, we have (p, ¢) = (2,15) in this case. By
Theorem the groupoid G(M(c)3?) is equivalent to the complex braid group B(Gs1).
We denote C1 := M(c)3® and Bs; := G(M(c)3?).

The integer n associated to p,q by Lemma is n = —7. As ¢! = —1d is central in
G357, we have

Ob(Cs1) := DY) = {u e 1. | wu® = ¢ and lr(u) =4},
83 = Di’(¢) = {(a,b) € (I.)* | ab € Ob(C)},
Ry’ == Dg’(c) = {(2,y,2) € (I.)* | zyz € Ob(C)}.
By Lemma the atoms of C3; are exactly the elements of length 1. Since 4 is the ged

of degrees of G37 which it divides, we can apply Proposition and Corollary We
get

Theorem 4.1. The centers of C31 and B3y are cyclic and generated by AY. If U is a finite
index subgroup of B(Gs1), then Z(U) C Z(B(Gs1)). In particular, the center of the pure
braid group P(Gs1) is cyclic and generated by the full-twist.

Proof. The only nontrivial part is that the full-twist is a generator of Z(P(Gs1)). Let
B(G31) ~ Bsi(u,u), the center of P(G31) is cyclic and generated by the smallest power
of AL (u) which lies in P(Gs1). Since the collapse functor C3; — M(c) sends AL®(ug) to

some element g with g2 = A, the smallest power of A lying in P(G31) is the full-twist
A0, O
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The remainder of this section is devoted to the study of presentations of B(G31). Let
u be an object of C31, we have an isomorphism Bs;(u,u) ~ B(G31), which sends atomic
loops to braided reflections.

On the one hand, we build a conjectural presentation of Bsi(u,u) with atomic loops as
generators. On the other hand, the Reidemeister-Schreier method for groupoids (cf. Annex
gives a presentation of Bs;(u,u) which we know holds. We then prove that these two
presentations are equivalent.

4.1. The method. Let u be an object of Bs;. We start by considering the submonoid L;
of C31(u, u) generated by atomic loops of u. Note that we have L} # Cs1(u,u) in general.

Our first goal is to construct a (conjectural) group presentation using L. We consider
the following algorithm.

Algorithm 4.1 Compute shortest right-multiple of atomic loops in L;

Input: Two atomics loops A(s) and A(t) of w.
Output: If \(s), A\(t) admit a common right-multiple in L}, then the output is a pair
of words O(A(s), A(t)),0(\(t), A(s)) in L} such that A(s)8(X(s), A(t)) = A(£)O(A(t), A(s)).
No output otherwise.
putz:=1
compute the set S; of words of length 4 in L
while A(s)m1 # A(s)mg in Csp for all (mq,msa) € S; x S; do

puti:=:i+1

compute the set S; of words of length ¢ in L;
end while
put S := {(m1,ma) € S; X Si | A(s)m1 = A(t)mg € Ca31}
return (mj,mg) € S such that m; is the lowest possible in the lexicographic order,
and mg is the lowest possible in the lexicographic order among the words m such that
(mi,m) € S.

Algorithm running on two atomic loops of u, terminates if and only if they admit a
common right-multiple in L. The fact that it terminates on every pair of atomic loops of u
(which we checked by computer using the data of Section proves that all pair of atomic
loops of u admit a common right-multiple. We now consider the following presentation:

- The set of generators is a set X, := {N(s)} in bijection with atomic loops of u in

L;i_ C Cs1 (u, u)

- The set R, is given by relations of the form
N(8)0(N (s), N () = N ()N (), N'(s))

where 0(N(s), N'(t)) is the same word as #(\(s), A\(¢)) but with letters in X,.
We define H, := (X, | R,) and H;} := (X, | R,)". By [DDGKM, Lemma I1.4.3], the
presentation of H, is right-complemented in the sense of [DDGKM, Definition I1.4.1].
That is for a # b € Xy, there is exactly one relation of the form a... = b..., namely
af(a,b) = b0(b,a).

The goal of this section is to show the following theorem

Theorem 4.2. Let u € Ob(C31). The natural map from X, to the set of atomic loops of
u induces a group isomorphism Hy, ~ Bsi(u,w). In particular, (X, | Ry) gives a positive
homogeneous presentations of B(G31) with braided reflections as generators.

We first notice that, by definition of R, and X, the natural map from X, to the set of
atomic loops of u induces a group morphism f, : H, — Bsj(u,u). We only have to show
that the said morphism is an isomorphism. We show this by case by case analysis on the
objects of Cs;.
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Lemma 4.3. Letu € Ob(C31). If fu is an isomorphism, then fq, () is also an isomorphism.
In particular we only need to show that Theorem [{.9 holds for a system of representative
of ¢o-orbits in Bs;.

Proof. The automorphism ¢, gives an isomorphism between Csq(u, ) and Cs1(¢(u), p(u)).
Because of Lemma, ¢2 induces a bijection between the sets of atomic loops of u and of
¢(u). We obtain that ¢2 induces bijections between X, and Xy, and between R, and
Rg(u), respectively. Thus Hy, >~ Hg,) which shows the claim. ([

Remark 4.4. The atoms of the monoid H, are in bijection with atomic loops of u. In
particular H;" is not isomorphic to the monoid Cs;(u,u) in general. As a matter of fact,
we will see that the monoid H, is never cancellative, and thus cannot be isomorphic to
either L} or C31(u,u). The isomorphism we consider only occurs at the level of groups.

Note that the monoid H,' is homogeneous by definition. In particular we have a solution
to the word problem in H,, given by Algorithm

Algorithm 4.2 Check equality between two words in H,"

Input: Two words m1,ms in the atoms of H"
Output: true if m; and ms represent the same element of H,", false otherwise.
put §:=g.
put S; = {m1}.
while S # 51 do
put S := 5.
put S the set of words obtained from elements of S; by applying one relation of R,,.
end while
if moy € S then
return true
else
return false
end if

Since H;' is homogeneous, two words representing the same element have the same
length, thus there is a finite number of words that represent the same element of H, and
Algorithm always terminates.

In order to prove Theorem for the object u, we first compute a presentation of
Bsi(u, u) by the Reidemeister-Schreier method for groupoids (cf. Appendix @ We start
from a presentation of the groupoid Bs, for instance that of Theorem [3.27]

As we want atomic loops to appear as generators, we need to choose the Schreier transver-
sal accordingly. We use the following lemmas concerning atomic loops in the category Cs;.

Lemma 4.5. Let s be an atom of C31, the atomic loop A(s) has length two in Cs;.

Proof. Let s := (a,b). We denote by u the source of s, and by v its target. The morphism
s* is given by (a,b)* = (a*"",b). We know that
a b ab=c= c"a" b a = abc’a = b
_ .8
and so aV"" = qob¢’a = g(ba® )e" = gv¢" The morphism s## is then given by ((a“c7)‘“’c
Because of Lemma a and a*° commute, so s## = (a("*)* b). Since (vc")? = !5 is

central, we have s## = s as claimed. O

Lemma 4.6. Let u be an object of Bsy. There is a Schreier transversal T rooted in u and
containing all atoms with source u. In particular the atomic loops of u appear as generators
of the presentation of Bzi(u,u) induced by T.
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Proof. First, note that if a Schreier transversal 1" contains an atom s with source u, then
Lemma [4.5| gives that v(s7%) = ss7 = A(s) with the notation of Lemma

Now, thanks to Proposition all atoms with source u have different targets. We can
thus consider a Schreier transversal T rooted in v and containing all atoms with source
U. O

Let T be a Schreier transversal rooted in v and containing all atoms with source w.
Let (S* | R*) denote the presentation of Bsj(u,u) obtained by the Reidemeister-Schreier
method applied to T" and to the presentation of Theorem Of course, the presentation
(S* | R*) is quite redundant. We first want to show that every element of S* can be ex-
pressed as a word in the atomic loops. For this we repeatedly apply Tietze transformations,
as in Algorithm

Algorithm 4.3 Reduction of generators

Input: A group presentation (S | R) and a subset S’ of S
Output: A group presentation (S” | R’) equivalent to the first by Tietze transformation,
or no output.
while S’ # S do
choose € R a relator with only one letter a not belonging to S’ U S'~1
replace in R every occurrence of a by its expression in S’ using the relator r.
remove the relator r from R
remove the letter a from S.
end while
return the presentation (S’ | R)

The fact that this algorithm terminates for each object of Bsi, which is again checked
by computer, proves the following result

Proposition 4.7. Let u be an object of Bs1. The atomic loops of u generate the group
Bsi(u,w). In particular the natural morphism H, — Bsi(u,u) is surjective.

By applying Algorithm to the presentation (S* | R*), we obtain a presentation
(Xu | R)) of the group Bsi(u,u). In order to prove Theorem for the object u, it is
sufficient to prove that every relator of R), is in fact trivial in H,. This will prove that the
morphism H, — B3i(u,u) is injective.

Because the defining presentation of H; is right-complemented, we can consider a right-
reversing algorithm in the sense of [DDGKM| Definition 4.21]. The main idea is that the
relation afl(a, b) = b(b, a) implies a~1b = 0(a, b)0(b,a)~!. We can use these type of relation
in order to simplify words in X, U X 1.

Algorithm 4.4 Right-reversing in H,” ([DDGKM, Algorithm 11.4.33])

Input: A word w in X, U X *
Output: A fraction fg~! with f,g € H representing w in H,, or no output.
while there is some subword of the form a~'b in w do
put j the position in w of the first subword of the form a~'b in w
if a = b then
remove the subword a~'b from w
else
replace a~'b with 6(a,b)0(b,a)~! in w at position j
end if
end while
return w.
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Algorithm [4.4] doesn’t always terminate: it may loop indefinitely. If it terminates, its
output is a fraction, and we should check that it is trivial. Of course this may be quite
long as algorithm is far from optimal. This process can be sped up by “partially
simplifying” at each step. The solution to the word problem given by Algorithm allows
for the computation of longest common divisors of elements of H;. A general word in
X, UX,; ! can be written as a product of (short) fractions. We can simplify these fractions
at each step of Algorithm

We checked by computer that Algorithm terminates on every relator in R, that is
every relator can be expressed as a right-fraction of elements of H, . Finally, we use the
following algorithm to prove that every relator, written as a fraction, is trivial in H,,.

Algorithm 4.5 Partial solution to the word problem in H,,

Input: A fraction fg~! with f,g € H;.
Output: true If there is some n € H, such that fn = gn. No output otherwise.
puti:=1
Compute the set S; of words of length ¢ in X,
while fn # gn for all n € S; do
puti:=:+4+1
Compute the set 5; of words of length ¢ in X,
end while
return true

This algorithm is useful since the monoid H, may not be cancellative: we can have
fn =gn (and thus fg~! =1 in H,) without having f = g in H; .

The fact that Algorithm returns true for all relators of the presentation of Bsj (u, u)
finally proves that Theorem holds for wu.

4.2. Computational data. We consider the following elements in C®

,

ar=3(1,-1,-1,-1,-1,-1,-1,1) (a0 = (0
1,1,0,0,0,0,0,0) an =
1,1,0,0,0,0,0,0

07_170>1>07070)
1,0,0,0,0,1,0,0)
(-1,-1,-1,-1,-1,1,-1,1)
(-1

a9 =
a3 =
ay = o, 1,1,0,0,0,0,0

(
(=
(
= (0,
(
(
(
(

(
(1,
) o = 3
) a13:(01000100)
—~1,1,0,0,0,0) oy =13 1,-1,-1,-1,-1,1,1)
) (
)
)

ag = 000 —~1,1,0,0,0 ars = (0,1 0000,1,0)

ar = (0,0,0,0,—1,1,0,0 a6 = 3(1,—1 —~1,-1,1,1)
ag = (0,0,0,0,0,—1,1,0 o7 = 3(1,-1 -1,-1,1,1)
a9 = (1,0,1,0,0,0,0,0) s = 2(— 1, ,— 1,1, 1,1,1)

(z,007)
(o)
(where (.,.) is the usual hermitian product on C®). The set s1, ..., sg generates a subgroup
W of GL,(C) isomorphic to the complex reflection group Gs7 and which contains all the
s; for i € [1,18]. A Coxeter element of W is given by ¢ = $15253545556575s.

A system of representatives of ¢o-orbits of objects of the category C3; = M (c)3® is given
by the following elements of .

And for each i € [1,18], we consider the reflection s; of C® given by s;(x) = 2 —2

U1 = 510512513518 Us = 5§357511512
U2 = S9510512516 U = 535457511
U3 = 53511512516 U7 = 8535487817

Ug = 5758514515 Ug = 53875125817



SPRINGER CATEGORIES FOR REGULAR CENTRALIZERS IN BRAID GROUPS 43

As we want links between the different presentations we obtain for each representative,
we give explicit isomorphisms between the different groups Bz (u;, u;). For this we use the
following graph in Bs;

us us
us ul us uy
U4 U

where each arrow is a simple morphism in C3; (because of Proposition a simple
morphism is uniquely determined by its source and target). For each i,j € [1,8], this
graph induces a well defined isomorphism ¢; ; : Bsi(u;, u;) — Bsi(uj, u;) which preserves
braided reflections.

For i,j € [1,8], we have by definition ¢;; = ¢;1¢1,j, so we only need to describe
morphisms of the form ;1 and ¢ ; for i € [1, 8].

In the case of the orbit of uy, we give expressions of the atomic loops in the generators
o1, ...,0g of the Artin group associated to W. Replacing o1, ...,08 with s1,...,sg gives
a set of elements in W which generate a copy of G31. We also give a family of vectors in
C* such that the 2-reflections associated to the orthogonal hyperplanes of these vectors (in
the usual hermitian product) generate a group isomorphic to Gs;.

Futhermore, we know that the full-twist in Bsj (u, u) is given by A% (u) by Lemma [2.28
By [Gar23, Theorem 1.2 and Proposition 8.1], every root of the full-twist in B(Gs1) is
conjugate to a power of either a 20-th root or a 24-th root of the full-twist. Furthermore,
the full-twist admits 20-th roots and 24-th roots. For each presentation we obtain, we give
an explicit 20-th root (resp. 24-th root) of the full-twist as a word in the generators. If
p € Bsi(u,u) is a 24-th root of the full-twist A% (u), then pb is a 4-th root of A% (u). By
Proposition and Theorem we get that pb = Al®(u) is a generator of Z(Bs (u,u)).

4.3. Presentation associated to representatives of the ¢,-orbits.

4.3.1. Orbit of uy. For the first orbit, we recover the presentation of B(Gs;1) conjectured in
[IBMR9S8|, Table 3] and [BM04, Conjecture 2.4]. The object u; has 5 atomic loops s, ¢, u, v, w.
The relations we obtain are as follows

ts = st, vt =1tv, wv = Vw,
SUW = UWS = WS,
SV§ = vsv, vuv = uvu, utu = tut, twt = wtw.

This presentation is usually represented by the following diagram (corresponding to the
Broué-Malle-Rouquier diagram for the reflection group Gsy).

S w

U/
v U t

In the Artin group associated to W, the atomic loops s, t,u,v,w can be expressed as
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02030104050402030405060708

s:= (0104)

t i= (0409)720374050607

U 1= (040972030 10405040205040506050706050706

v 1= (0103)737405049607

W 1= (09073)717172030104050402050104050605040205010405060T06050402050405060705070

In C*, the 2-reflections associated with the following roots (in the usual hermitian prod-
uct) generate a subgroup of GL4(C) which is isomorphic to Gs;.

2 1 1 2 1

._1 141 -1 o 0 ._1 1—14 o 1
as.—2 | = P TR B ’a”‘_g il a=1_4
0 —1 —1 0 -1

The monoid Hjl given by the above presentation is not cancellative: we have tuwtuw #
vwtuwt and stuwtuw = suwtuwt in Hjl Thus H, cannot be a Garside monoid.

The submonoid Li{l of C31(u1,up) generated by s,t,u,v,w is cancellative, but it doesn’t
admit right-lems: we know that utu = tut is the shortest common multiple of ¢t and u. If
right-lems exists in le, then tut must be the right-lem of ¢ and u. We would then have

tut =X tuwtuw = t <X wtuw

in L by cancellativity. We can check that ¢ < wtuw doesn’t hold in L : the element
t~lwtuw does lie in C31(u1,u1), but not in the submonoid L:[l.
Maximal roots of the full-twist are given by
Maximal regular number d H 20 ‘ 24
d-th root of A% H stuvws ‘ stuvw

In particular, we get that (stuvw)® = Al (u1) generates Z(Bs(u1,u1)).

4.3.2. Orbit of us. The object us admits 7 atomic loops a, b, ¢, s,t, v, w, with relations as
follows:
sv = vb = bs, av = vc = ca,

wv = vw, st=1ts, tv =vt, tb = bt,
was = swa = asw, wcb = bwe = cbw,
wtw = twt, ata = tat, aba = bab, tct = ctc,

swav = cabw.

The last line of relations can be omitted, as it is implied by the others. The monoid HJQ
given by this presentation is not cancellative: we have bwab # abwa and cbwab = cabwa
in Hf . Thus H,, cannot be a Garside monoid.

The submonoid L, of C31(u2,u2) generated by the atomic loops is cancellative, but it
doesn’t admit right-lems: we know that aba = bab is the shortest common multiple of a
and b. If right-lems exists in Lf[Q, then aba must be the right-lem of a and b. We would
then have

aba < abwa = a < wa

Which does not hold in L, (it doesn’t even hold in Cs;(ug, u2)).

1

The relations defining H;‘Q give in particular b = v~ 'sv = s and ¢ = @' in H,. By

deleting these generators, we get that Bs; (ug, u2) is generated by a, s, t, v, w, with relations



SPRINGER CATEGORIES FOR REGULAR CENTRALIZERS IN BRAID GROUPS 45

as follows:
wv = vw, st =1ts, vt = tv,

swa = was = asw,
twt = wtw, ata = tat, vav = ava, SVs = VSv.
We recover the presentation of Section summarized in the diagram

w S

N
t a v
Again, we know that neither the monoid given by this presentation, neither the submonoid
of L;jZ generated by a, s,t,v,w are Garside monoids.
The morphisms (921 and 21 are given by

S 8
s—s a—u®

t—t b s?

t—t

P21 : wo and p12: qura’
VU cH U
v b
W w
(W= w
Maximal roots of the full-twist are given by
Maximal regular number d H 20 ‘ 24

d-th root of A% H stwavs ‘ stwav
In particular, we get that (stwav)® = Al®(us) generates Z(Bs1 (u2, ug)).

4.3.3. Orbit of us. The object us admits 7 atomic loops d, e, f,t,u, v, w, with relations as

follows: )
ue=-ef = fu, wt =tf = fw,

df = fd, wv=vw, tv =vt, vf = fu,
udw = dwu = wud, dte = ted = edt,

utu = tut, wvu = vuv, dvd = vdv, eve = vev,

wtud = edwt.

The last line of relations can be omitted, as it is implied by the others. The monoid H;;
given by this presentation is not cancellative: we have tudt # udtu and wtudt = wudtu in
H;.. Thus H cannot be a Garside monoid.

The submonoid L;@j of C31(us,u3) generated by the atomic loops is cancellative, but it
doesn’t admit right-lems: we know that utu = tut is the shortest common multiple of ¢
and u. If right-lcms exists in L;g, then utu must be the right-lem of » and t. We would
then have

tut < tudt =t < dt
Which does not hold in L, (it doesn’t even hold in Cs;(u3,u3)).

The relations defining Hjs give in particular f := w’ and e = f* = w'™ in H,,. By
deleting these generators, we get that Bsj(us, us) is generated by d, t, u, v, w, with relations
as follows:

wv = vw, tv = vt,

udw = wud = dwu,

uvu = vuv, tut = utu, dvd = vdv, wtw = twt,
udtu = tudt.
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The monoid given by this presentation is not cancellative: we have tdwt # wtdw while
tdwtut = wtdwut. The morphisms ¢31 and ¢ 3 are given by

'sr—>dw
t—t

t—t d+—> s¥
uru e wht

P31 , and p13: QU= u
v—v  few
Vv
w = w
w e w
Maximal roots of the full-twist are given by
Maximal regular number d H 20 ‘ 24

d-th root of A% H wtudvw ‘ tudvw
In particular, we get that (tudvw)® = Al®(u3) generates Z(Bs1 (us, u3)).
4.3.4. Orbit of ug. The object uy admits 12 atomic loops g, h, k,l,m,n,0,p, s,t, u, v, with
relations as follows:
gk =hg =kh, gs=1g=sl, gn =tg=nt, gp =vg = pv, ht = mh =tm,
kn = mk =nm, lo=1tl = ot, so =ns = on, ut =tp = pu, wv = nu = vn,
gm =mg, go = o0g, hn = nh, st =ts, tv =vt, np = pn,
hus = shu = ush, hvo = ohv = voh, kpo = okp = pok,
Imv = mul = vlm, smp = mps = psm,
hph = php, svs = vsv, mom = omo,
gnp = utv, htvl = lomv, khnps = lgomp, knps = somp,
khnps = utvsm, khn = tgm, khpo = vgok, lgomp = utvsm,

lgo = nst, lgmp = pvsm, usht = mhps, uvsh = ohuv.

The last three lines of relations can be omitted, as they are implied by the others. The
monoid HL given by this presentation is not cancellative: we have hpsh # pshp and
mhpsh = mpshp in H,. Thus H;f, cannot be a Garside monoid.

The submonoid L , of C31(u4,uq) generated by the atomic loops is cancellative, but it
doesn’t admit right-lecms: we know that Aph = php is the shortest common multiple of h
and p. If right-lems exists in L, ,» then hph must be the right-lem of & and p. We would
then have

hph =X hpsh = h = sh
Which does not hold in L, (it doesn’t even hold in Cs1 (u4, u4)).The relations defining H,;,
give in particular

vt
g:nt:uvt7 k:hg:h(u )’ l:gs:utvs’ m:ht, n:UU, OZHSZUUS,p:ut

in H,,. By deleting these generators, we get that Bsj(u4,u4) is generated by h, s, t,u,v,
with relations as follows:

vt = tv, st =1ts,

ush = shu = hus,

svs = vsv, vuv = uvu, utu = tut, tht = hth,

shvs = vshv.
The monoid given by this presentation does not admit right-lems. We have shvs = vshv

and vsv = svs are common right-multiples of v and s, but their longest common divisor is
vs,which is not a common righ-multiple of s and v. This also proves that the submonoid
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of Cs1(u4,us) generated by h, s, t,u,v does not admit right-lems. The morphisms ¢4 ; and
1,4 are given by

g|—>u”t o+ u"s

.
S s
h— w? p— ul
t—t
k— uwtuwvsuvt S 3 d
: an Ru—u
PRI [ ytvs tst P18
st vV
m i w U= u
w +— hY
(= u’ Vv
Maximal roots of the full-twist are given by
Maximal regular number d H 20 ‘ 24

d-th root of A% H tuvshv ‘ tuvsh

In particular, we get that (tuvsh)® = Al®(uy) generates Z(Bsi(u4,us)). We also have
((tuvsh)t)? = (uvsht)? = AB(uy4) in this case.
4.3.5. Orbit of us. The object us admits 10 atomic loops b, f, g, n,p, s, t,u, v, w, with rela-
tions as follows:
rut:pu:tp, UV = Nu = vn, gp = puv = vg,

gn =tg =nt, sv=1vb=bs, wt= fw=tf,

st =ts, wv =vw, fv=vf, pn =np, tv =vt, tb = bt,

uws = suw = wsu, gfb= fbg=>bgf, spf = fsp=pfs, wbn =nwb= bnw,

ufu = fuf, gsg = sgs, suw = wsu, sns=nsn, fnf =nfn

utv = gpn, vwsv = bsnw, gnfb = wtbg, wsut = pufs, pfsv=bsgf.

The last line of relations can be omitted, as it is implied by the others. The monoid HJ;
given by this presentation is not cancellative: we have ufsu # fsuf and pufsu = pfsuf
in Hf . Thus H, cannot be a Garside monoid.

The submonoid L;; of C31(us,us) generated by the atomic loops is cancellative, but it
doesn’t admit right-lems: we know that ufu = fuf is the shortest common multiple of f
and u. If right-lems exists in L;rs, then u fu must be the right-lem of w and f. We would
then have

ufu 2 ufsu = u = su
Which does not hold in L, (it doesn’t even hold in Cs;(us, us)).
The relations defining H;; give in particular

t t

b=s f=uw', g=u", n=u", p=u
in H,,. By deleting these generators, we get that Bsj(us,us) is generated by s, ¢, u,v,w,
with the same relations as in H, : we recover once again the obtained in Section m

The morphisms ¢5 1 and 1 5 are given by

(555  biss? SH> s
t—t  fraw tst
ws1:Qusu g u and 15U u
v v n—u’ VU
(W= w p = ul | w = w

Maximal roots of the full-twist are given by the same expressions as for the object u;.
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4.3.6. Orbit of ug. The object ug admits 10 atomic loops b, f, g,n,0,p,q,7,s,v, with
relations as follows:

vg =pv =gp, qn = fq=nf, qr = gg =rg, so=ns = on, vb = sv = bs,
vf = fv, gb="bq, sr =rs, np =pn, og = go,

VTO = oVUT = 1OV, Q0P = pPqo = opq, spf = fsp = pfs,

bgf = fbg = gfb, brn = nbr = rnb,

VQU = qUQq, YNU = NUnN, qsq = S¢S, Sgs = gsg, ngn = gng, pqo = opq,
bsgf = pvfb, bsro = onvr, fqsp = onpf, fqbr = rgnb, pvqo = rovg

The last line of relations can be omitted, as it is implied by the others. The monoid H;LG
given by this presentation is not cancellative: we have nvrn # vrnv and onvrn = ovrnuv
in Hf . Thus H, cannot be a Garside monoid.

The submonoid L;FG of C31(ug, ug) generated by the atomic loops is cancellative, but it
doesn’t admit right-lems: we know that nvn = vnwv is the shortest common multiple of n
and v. If right-lems exists in Lf[b_, then nvn must be the right-lem of n and v. We would
then have

non I nurn = n 3 rn

Which does not hold in L (it doesn’t even hold in Cs;(us, ug))-
The relations defining H;% give in particular

szv?f:qn70:nS7p:Ug’T:qg
in H,,. By deleting these generators, we get that Bs;(ug,us) is generated by g,n,q,s,v,

with relations as follows:
4
nsn = sns, VgV = gug, VSV = SvUS, qng = ngn, VRV = Nun,

q9q9 = 999, ngn = gng, 4sq = sqs, sgs = gsg, vqu = quq

gnug = vgnv = nugn, gqsg = qsgq = $gqs, NSgn = gnsg = Sgns

VESV = SUqS = qSsvq, qnUq = nugn = vgnu, vgqnsv = svgqns
| 9qnsvgs = ngqnsvg
The monoid given by this presentation does not admit right-lems. We have that vggnsv =
svggns and vsv = svs are common right multiples of s and v, but their longest common
left-divisor is sv, which is not a common right-multiple of s and v. This also proves

that the submonoid of C3;(ug, ug) generated by g,n,q, s,v does not admit right-lems. The
morphisms g1 and @16 are given by

.
brss¥  pul S+ s
wat q'_>tuwtv tr_>pvn

we1: 4 g utt e ust and g1 Q u s U"
n—u’ s s VU
\0»—>u”5 Vv w s pnf

Maximal roots of the full-twist are given by

Maximal regular number d H 20 ‘ 24
d-th root of A% H svgqns ‘ svgqn

In particular, we get that (svgqn)® = Al(ug) generates Z(Bsi(ug, ug)). We also have
svgqns = A3(ug) in this case.
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4.3.7. Orbit of u7. The object u; admits 7 atomic loops g, k, m,n, 0, p, s, with relations as
follows:

on = so =ns, kn = nm = mk,

go = o0g, gm =mg, pn = np,

pok = okp = kpo, psm = smp = mps,

omo = mom, gpg = pgp, gkg = kgk, gsg = sgs, gng = ngn,

kpon = somp.

The last line of relations can be omitted, as it is implied by the others. The monoid H;;
given by this presentation is not cancellative: we have ompo # mpom and sompo = smpom
in H} . Thus H, cannot be a Garside monoid.

The submonoid LL of Cs1(uz,ur) generated by the atomic loops is cancellative, but it
doesn’t admit right-lcms: we know that omo = mom is the shortest common multiple of m
and o. If right-lcms exists in Lf{w then omo must be the right-lem of m and o. We would
then have

omo = ompo = 0 = po
Which does not hold in L (it doesn’t even hold in Csi(u7,u7)). The relations defining
H, give in particular o = n® and k = n™ in H,,. By deleting these generators, we get

7
that Bsj(ur,ur) is generated by g, m,n,p, s, with relations as follows:

gm =mg, pn = np,

smp = psm = mps,

sns = nsn, pgp = gpg, gsg = $gs, mnm = nmn, gng = ngn

SgNs = nsgn = gnsg.
The monoid given by this presentation does not admit right-lems. We have that sns = nsn
and sgns = nsgn are common right multiples of s and n, but their longest common left-
divisor is ns, which is not a common right-multiple of s and n. This also proves that

the submonoid of C3;(u7,uy) generated by g,m,n,p,s does not admit right-lems. The
morphisms 71 and @17 are given by

g— u¥t p— ul L]

k s qWtuwvsuvt o o o t gn
P7.10 4 M wst and @17 : { us pI”

n— u’ v = pId

o+ u¥? w > pIkPn

Maximal roots of the full-twist are given by

Maximal regular number d H 20 ‘ 24
d-th root of A% H gnmpsm ‘ gnmps

In particular, we get that (gnmps)® = Al®(u;) generates Z(Bsi(u7, uz)).
4.3.8. Orbit of ug. The object ug admits 6 atomic loops g, m,n,p, s, t, with relations as
follows:

tg = nt = gn,

ts = st, pn = np, gm = mg,

pSM = Smp = mps,

tpt = ptp, tmt = mtm, pgp = gpg, sns = nsn, sgs = gsg, NMmn = Mmnm.

The monoid ng given by this presentation is not cancellative: we have psgpsg # gpsgps

and mpsgpsg = mgpsgps in HJS Thus ng cannot be a Garside monoid.
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The submonoid Lis of Cs1(ug,ug) generated by the atomic loops is cancellative, but it
doesn’t admit right-lems: we know that pgp = gpg is the shortest common multiple of p
and g. If right-lcms exists in Lf{s, then omo must be the right-lem of m and 0. We would
then have

grg = gpsgps = g = sgps
Which does not hold in L, (it does even hold in Cs; (us, ug), but g~ 'sgps is not generated
positively by atomic loops). The relations defining H{L'; give in particular ¢ = g" in H,,.
By deleting this generator, we get that Bsj(us,us) is generated by g, m,n,p, s, with the
same relations as in the end of Section m The morphisms g1 and @18 are given by

.
g u’t
m — wst §rs
s o t—t
©8.1: . and p18: ¢ u—tP
pru v > ntP
S+ S
w — mimp
t—1 N

Maximal roots of the full-twist are given by the same expressions as for the object wus.
Furthermore, we also have (gnmps)? = A3(ug) in this case.

Remark 4.8. As was pointed out to us by Jean Michel, the presentations with 5 gen-
erators that we give here are related by the Hurwitz action of the usual braid groups
on the words giving 24-roots of the full-twist, as in [MM10, Section 6]. By identify-
ing the atomic loops we consider with their image in Bsj(u1,u1), we obtain for instance
that (s,t,u,v,w), (s,t,w,a,v),(t, u,d,v,w) and (t,u,v,s,h) lie in the same Hurwitz or-
bit. The words (s, u,v,w,t) and (s,v,g,q,n) also lie in the same Hurwitz orbit, as well as
(u,v,w,t,s) and (g,n,m,p,s).

APPENDIX A. THE REIDEMEISTER-SCHREIER METHOD FOR GROUPOIDS

A.1. Presentations of categories and groupoids.

Definition A.1. ([DDGKM, Definition II.1.4 and Definition I11.1.32])
An oriented graph (or precategory) is a pair of sets (O,S) endowed with two maps
s,t: S — O. The elements of O are called objects and those of S are called elements (or
morphisms, or arrows). The maps s and t are called source and target, respectively.

A morphism between two oriented graphs (O,8) and (O',8’) is given by two maps
0o: 0 — O, ¢y : S — S which preserve the source and target:

V€8, s(¢1(f)) = do(s(f)) and t(¢1(f)) = do(t(f))-

Note that we make no assumption regarding the existence of loops or multiple arrows
with the same source and target. In practice, we often amalgamate an oriented graph
(O, S) with its set of arrows S. The set of objects will then be denoted by Ob(S) like for
categories. We will sometimes denote by S(u, —) (resp. S(—,v), S(u,v)) the set of arrows
in S with source u (resp. with target v, with source u and target v).

Definition A.2. ([DDGKM, Definition 11.1.28])
Let S be an oriented graph. For u,v € Ob(S), a path of length p > 1 in S from u to v is
a finite sequence (g, ..., gp) of elements of S such that

s(g1) = u, t(gp) = v and t(g;) = s(gi+1),Vi € [1,p — 1]
For u € Ob(C), we also define an empty path from u to itself, denoted by 1, and of
length O by definition.

Definition A.3. ([DDGKM, Definition I11.1.28 and Proposition 1.33])
Let S be an oriented graph. The free category on S, denoted by S*, is defined as follows
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- The objects are the objects of S.

- The morphisms S*(u,v) are the paths from u to v in S.
- Composition is given by concatenation of paths.

- The identity of some object u is the empty path 1.

This category is free in the following sense: Let S be an oriented graph, and let C be a
category. Any morphism of oriented graphs ¢ : & — C induces a unique functor S* — C,
sending a path (g1,...,gp) to the composition ¢1(g1)---¢1(gp) in C. In practice, a path
(fi,..., fp) will often be denoted as a formal composition f; --- f, so that we have

O(f1--- fp) = d1(f1) - -~ P1(fp)-

This convenient definition of free category allows for defining relations and presentations
of categories. Recall that a congruence on a category C is an equivalence relation = on C
which is compatible with composition, that is, the conjunction of f = f’ and g = ¢’ implies
fg=f'g" (if fg and f'g’ are defined of course). If = is a congruence on a category C, one
can form the quotient category C/ =. It has the same objects as C, and its morphisms are
=-equivalence classes of morphisms in C.

Definition A.4. ([DDGKM, Definition 11.1.36 and Lemma I1.1.37])

If C is a category, a relation on C is a pair (g,h) of morphisms in C sharing the same
source and the same target. If C is a category, and R is a family of relations on C, there
exists a smallest congruence E;rz of C which includes R.

The congruence E;; is the reflexive-transitive closure of

{(fgh, fg'h) | (9,9") € Ror (¢',9) € R}.

For readability purposes, it is convenient to write a relation (f, g) as an equality f =g
instead of a couple of paths. We use this convention from now on.

Definition A.5. ([DDGKM, Definition 11.1.38])

A category presentation is a pair (S,R), where S is an oriented graph, and R is a set
of relations on §*. We call S the generators and R the relations.

If (S,R) is a category presentation, the quotient category S =% is denoted by (S | R)*.

Remark A.6. If we consider a graph S with one object, we recover the classical notion of
monoid presentation.

Let (S,R) be a categorical presentation, and let C be a category. Any morphisms of
oriented graphs ¢ : § — C such that

Vi fo=91-9¢ € R, ¢1(f1) - d1(fp) = d1(g1) - - b1(gp) €C

induces a unique functor from the presented category (S | R)™ to C. A first application of
this property is the following lemma.

Lemma A.7. Let C := (S | R)T be a presented category. If R consists of relations
between paths of the same length in 8*, then the category C is homogeneous. We then say
that (S | R)T is a homogeneous presentation.

Proof. First, we note that the category &* is homogeneous. The length functor is given by
the length of the paths. By assumption, this functor induces a well-defined functor from
C to (Zo,+), such that elements of S are sent to 1. This functor is a length functor for C
since it is generated by S. U

The notion of categorical presentation is useful for defining enveloping groupoids: let
C = (S| R)" be a presented category. We consider S a formal copy of &, with source and
target reversed. We consider the set I(S) of relations on S U S defined by

Vz € 8,27 = 1y, and Tw = 1y,
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Lemma A.8. ([DDGKM, Definition 11.3.3 and Proposition II1.3.5])

The category G(C) := (SUS | RUI(S))™T is a groupoid, called the enveloping groupoid
of C. The inclusion map S — S U S induces a functor v : C — G(C). Every functor
¢ : C — G where G is a groupoid induces a unique functor 5: G(C) — C such that 50 L= ¢.

This universal property of the enveloping groupoids ensures that it depends only on C
and not on its presentation. By convention, if C = (S | R)* is a presented category, the
presentation of the enveloping groupoid of C will be denoted by (S | R).

Remark A.9. Every category C admits a standard presentation, where the generators are
all the morphisms in C, and the relations are all couples (fg,h) for f,g,h € C satisfying
fg = h. Thus the enveloping groupoid can be defined for any category.

A.2. Schreier transversal and presentation. Let G = (S | R) be a presented connected
groupoid. We denote by F(S) := (S | @) the free groupoid on the graph S. The identity
S — S induces a quotient map ¢ : F(S) — G. Just like for free groups, a morphism in
F(S) is represented by a unique reduced path, that is a path comporting no subpath of
the form ss~! or s7's for s € S.

Definition A.10. Let u be an object of F(S). A Schreier transversal of F(S) rooted
in u is a family of reduced paths {my},conF(s)) satisfying:

- For all object v of S, the path m, has source u and target v.

- The family {my} is stable under prefix. It particular m, = 1.

Remark A.11. Since G is connected, it is also the case of S and F(S). In particular, a
Schreier transversal of F(S) rooted in u exists for all object u of F(S).

Let up be an object of F(S), and let {m,} be a Schreier transversal in F(S) rooted in
ug. For s € S(u,v), we define v(s) := mysm, ' € F(S)(uo,up). Let Si be the set of all
elements y(s) # 1,, for s € S.

Lemma A.12. The group G(ug,uo) is generated by the p(v(s)) for vy(s) € Si.
Proof. Let g € G(ug,up). Since G is generated by S, we can write

g — Sil P Sik
with s; € S for ¢ € [1,k] and &; € {£1} for ¢ € [1,k]. We denote by u; the target of s’
for i € [1,k — 1]. In F(S) we have

€1 ... g8k — gElyp 1 coemL €k
51 S = 51 My My =My My, S,

_ g1, —1 —1 £k
= My 81 My, My *+ My My, S5m0
— €1 g

=(s1)"" - y(sk)*.

Thus, we have g = ¢(v(s1)) - - - p(y(sk))%* in G(ug, ug). O

-1
U

As G is a groupoid, every relation defining G can be rewritten as a relation of the form
siheesi =1y
where s; € S and ¢; € {£1} for 7 € [1,k], and w is the source of sj'.
Proposition A.13. (Reidemeister-Schreier method for groupoids)

Let S* be a set of elements y(s)* in one-to-one correspondence with those of Si. Let also
R* be the set of all relations

V() (k) = 1
where s7' -+ s;7 = 1, is in R. The map S* — G(uo, uo) sending y(s)* to ¢((s)) induces
an isomorphism of groups between G* := (S* | R*) and G(uo,uo).
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Proof. First, we prove that the map v(s)* — ¢(y(s)) is compatible with the set of relations
R*. Let 7*(s1)! -+ -~*(s)® = 1 be in R*. We have an equality s* ---s;* =1, in G, and
we have
P(Y(s1)7 (Y ((5k))% = p(mu)sy - sifo(ma) ™ = Ly,
Let m: G* — G(up,up) be the morphism induced by v(s)* — ¢(v(s)). We know that = is
surjective by Lemma
Conversely, the map & — S* sending s to y(s)* induces a functor ¢ : F(S) — G*. Let
v be an object of F(S). We show that ¢ sends m, to 1 by induction on the length of m,
as an S-path. First if m, = sj' has length 1, we have ¢(s]') = my,mym,! = 1. Now
if m, = s{'--- ;" is a decomposition of m, on S, we denote by v’ the source of s;*. By

definition of a Schreier transversal we have m,, = s{* -+ s,*7' and ¢(m,s) = 1 by induction

hypothesis. As we also have ¢(s7*) = mysiFmy ! = mymy! =1, we get ¢(m,) = 1.
By definition of the set R*, ¢ induces a functor ¢ : G — G*. We call ¢ the restriction of

this functor to G(uo,up). Let v(s)* be a generator of G*, with s € S(u,v). We have
Um(v(5)%)) = le(r(s)))

(p(ma)sp(my) ™)

B((ma))d(s)d(p(mo)) ™

$(ma)y(s) d(my) ™ = ()"

So ¢ o w induces the identity on the generators of G*. We get tom = 1g+ and 7 is
injective. ([

Corollary A.14. If G is a finitely presented groupoid, then for every object u of G, the
group G(u,u) is finitely presented.

A.3. The particular case of a subgroup of a presented group. We explain rapidly
how our result on groupoids can be used to recover the classical result of Reidemeister and
Schreier about presentation of subgroups.

Definition A.15. Let G be a group, with H a subgroup. The groupoid of cosets Gy of
G and H 1is the groupoid defined by

- The objects are the right-cosets of H in G.
- Morphisms between two cosets Hg and Hg' are elements x of G such that Hgx = Hg'.
- Composition is given by the product in G.

The underlying oriented graph of the groupoid of cosets is simply the graph of the action
of G on the right-cosets of H in G. For each coset Hg and each element x of G, we denote
by x[Hg] the unique morphism Hg — Hgx corresponding to the action of the element z.

By definition of G, there is a natural functor 7 : Gg — G, sending a morphism z[H g]
to z. For two cosets Hg and Hg', the set of morphisms between Hg and Hg' is given by

Gu(Hg,Hy)={z € G| Hgz = Hy'} = g 'Hy'.

In particular, we obtain that Gy (H, H) = H and H is an automorphism group in Gp.

Since the natural action of G on H \ G is transitive, the groupoid Gy is connected. In
particular we can apply the Reidemeister-Schreier method to obtain a presentation of H
from one of Gp.

Now, if (X, R) is a presentation of the group G. We denote by F(X) the free group over
the set X. We call X the subgraph of Gy made of those morphisms in Gy whose image
under 7 lie in X. The restriction of 7 to X induces a functor 7 : F(X) — F(X). The
inclusion X — Gy (resp. X — G) induces a functor ¢ : F(X) — Gy (resp. ¢ : F(X) —
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G). We have the following commutative square

F(X) "= F(X)

‘| |s

Gu G

T

Let m := 27" - 2;* be a word in F(X), and let Hg be a right-coset. There is a unique
path in F(X') which starts at Hg and whose image under 7 is m. This path is given by

o1 [Hg)  wo[HgaS)%2 - - g [Hgast - - aF ]

it will be denoted by m[Hg]. Note that p(m[Hg]) = ¢(m)[Hg]. In particular we see that
X generates G since X generates G.

Lemma A.16. The groupoid of cosets Gy admits the presentation (X | R), where the set
R consists of relations r[Hg] = 1p4, where r =1 lies in R and Hg lies in H \ G.

Proof. Let G be the groupoid presented by X and R. Since the graph X generates G,
the natural functor G — G is surjective on morphisms. Consider now two paths in F(X)

— 182 | .Ek fa__ N2
m = x7'T, x,* and m' 1=y y, Yy,

By definition, saying that these two paths induce the same morphism in Gy amounts to
say that they share the same source and that the two words 7(m) and 7(m’) induce the
same element in G.

Suppose that m and m’ induce the same element in Gg. We have 7(m) = 7(m/) in G,
and there is a finite sequence of words my,...,m, in F(X) such that
- my =m(m), my = 7(m’)
- For ¢ € [1,p — 1], m; is equivalent to m; 41 by the use of one relation in R.
Let Hg be the common source of m and m' in F(X). We consider the paths m;[Hg¢]
in F(X). We have mi[Hg] = m,mp[Hg] = m’. For i € [1,p — 1], the path m;[Hg] is
equivalent to m;11[Hg] by the use of one relation in R by definition.

Thus m and m’ induce the same element in G, and the natural functor G — Gy is then
injective. ]

Let now H = ¢~ '(H) C F(X) be the preimage of H under ¢. Recall from [LS01,
Proposition 1.3.8] that a Schreier transversal (in the classical sense) for H in F(X) is a set
of words T" such that
- The map t — Ht is a bijection between T" and H \ G.

- The set T is stable under prefix (in particular, the empty word lies in T').

Let T be a Schreier transversal in the classical sense for H and F (X). The set of
paths {t[H]}ter is a Schreier transversal rooted in H in F(X) in the sense of Definition
Conversely, if {mug}rgeon(F(x)) is a Schreier transversal rooted in H in the sense
of Definition then the set of words {7(muy)} Hgem\q is a Schreier transversal for H
and F'(X) in the classical sense.

Let T be a Schreier transversal for H in F(X), and let {mug}Hgeon(F(x)) be the asso-
ciated Schreier transversal of F(X) rooted in H. For g € G, let g denote the element of T
such that Hg = Hy.

The elements of X are given by

X ={z[Hg] |z € X,Hg € Ob(Gg)}.
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The set of generators of Gy (H, H) = H we obtain by our method is
{v(z[Hg]) = mHga:m;gm | x € X,Hg € Ob(Gp)}
={y(z[Ht]) = mmzmy;, | v € X,t € T}
={te(tz) ' |2 € X,t €T}

which is the same set as given in [LS01, Proposition 4.1]. Following [LS01, Proposition
4.1], we denote ~(t, x) := tx(tx)~!. This element is equal to what we denoted by ~(z[Ht]).

Now for the relators. Let » = 1 be a relation of G. It induces the following family of
relation on Gp:

{r[Hg) = 11y | Hg € ON(Gy)} = {rlHt] = 1 | 1 € T)
Each relation r[Ht] = 1 induces a relation on Gy (H, H), given by
mHtr[Ht]mI_{i =1
If 7 = Y1923 - - - yp is expressed as a word in X U X!, we have
mur [Htlmpgy = v (y1 [HO)y(y2[Htya) - - (g [Htys - yg-1])
=yt y) vty y2) -y Ye-1, vk)
= (L, y)vEyn,y2) - Y@y g1 )y (Eyr - yes tY)

since both v(1,t) and y(fy; - - -y, t ') are trivial. Thus the relations we obtain with our
method are the same as those given in [LS01} Proposition 4.1], and Proposition applied
to a groupoid of cosets gives a new proof of [LS01, Proposition 4.1].

Remark A.17. Let X be a transitive G-set, and let x € X. There is a natural isomorphism
between the category of cosets for the stabilizer of « in G and the graph of the action of
G on X. In particular, our method gives a way to compute a presentation of the stabilizer
starting from the graph of the action.
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