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MATTHIEU CALVEZ, OWEN GARNIER, JUAN GONZALEZ-MENESES, AND BERT WIEST

ABSTRACT. Consider an element x of a Garside group which is rigid in the sense of Garside-theory.
Let SC(x) be the set of rigid conjugates of x — this is a well-known characteristic subset of the conjugacy
class of x. We present computational evidence that the sequence (|SC()K7 )|)n en is not only bounded,
but in fact periodic, and that there is a bound on the length of the period which depends only on the
underlying group and its Garside structure. We prove this result in the special case of the circular
Garside groups, including the 2-generator Artin groups with their classical and dual structures (where
we prove that the sequence is always constant), and in the case of the dual 4-strand braid group.

1. INTRODUCTION

Let G be a Garside group, equipped with a Garside structure — the most well-known examples are the
m-strand braid group equipped with Garside’s original Garside structure, denoted B,,, and the same
group equipped with Birman-Ko-Lee’s dual Garside structure, denoted ;. Other examples relevant
for the present paper are the Artin-Tits groups of spherical type, equipped with their classical Garside
structures and the so-called circular Garside groups. Relevant references for the braid groups with the
classical structure are [[17}14]] and [4] for the dual structure, [5,13]] for the generalisation to Artin-Tits
groups of spherical type. The circular groups are studied in [16]. For general Garside theory, see [[12]]
(for the first definition), as well as [9, 2], and [27], and finally [11] for a very complete and high-level
modern point of view.

We recall that to any element x of G, we can associate a finite subset of the conjugacy class of x called
the sliding circuits set, denoted SC(x) [[19]. This subset depends only on the conjugacy class of x;
therefore, being able to calculate the sliding circuits set of any given element solves the conjugacy
problem in G.

Every element x in a Garside group admits a Garside normal form, which is a decomposition of the
form x = APx; ---x,, where A is the Garside element and x, . ..,x, belong to a set of generators
called simple elements, which are positive prefixes of A. The sequence xi, ..., x, (which must sat-
isfy some algebraic conditions) and the integer p (called the infimum of x and denoted inf(x)) are
determined by x, so the Garside normal form of x is unique.

It is a property of Garside groups that conjugation by A (we will denote 7(s) = A~!sA) preserves
the set of simple elements. Now, an element x with normal form APx; - --x, is said to be rigid if
the Garside normal form of x? is just AP (x)) - 7P(x,)x] - - - x. That is, if the normal form of
x? is obtained by concatenating two normal forms of x, and then sliding the middle A? to the left,
conjugating the factors on its left.

Notice that, if x is rigid, every positive power of x is also rigid: the left normal form of x" is obtained
by concatenating n normal forms of x and sliding all A factors to the left. Moreover, since the
1
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Garside normal form of x~! is closely related to that of x, it follows that x is rigid if and only if x~
is rigid, so the rigidity of x implies the rigidity of every (non-necessarily positive) power of x.

If x is rigid, then its sliding circuits set SC(x) consists of the set of rigid conjugates of x[19]. Hence,
SC(x"™) consists of the set of rigid conjugates of x", for every integer n. It follows that set SC(x™")
consists of the inverses of the elements of SC(x"). We will be interested in the sizes of these sets, as
n > 0 grows.

Conjecture 1.1. For any rigid element x, the sequence (]SC(x")])neN is bounded.

There are at least two motivations for studying this conjecture.

(1) Currently the biggest roadblock to solving the conjugacy problem in braid groups in polyno-
mial time using Garside theory is the following open question, concerning pseudo-Anosov
(pA) braids: how quickly can

max  |[SC(x)|
XEBu,|x|<LlxpA
grow, as a function of ¢ (for any fixed value of m)? In particular, it is open whether or not this
function is polynomially bounded. It would be valuable to at least understand how the size of
the sliding circuit set of powers of a single element behaves: we expect it to remain bounded.

(2) Let us look at the Cayley graph of G/A° (where A is a central power of the so-called
Garside element A), with respect to the generating set given by the Garside structure. Let x
be arigid element of G; for the purposes of this discussion, we add the simplifying hypothesis
that inf(x) = O (see [7] for a discussion of the general case). In this Cayley graph, the rigid
element x gives rise to a bi-infinite geodesic axis traversing the identity vertex. Any rigid
conjugate of x", for any n, yields another geodesic axis at finite Hausdorff-distance from the
axis of x.

Thus if the sequence (|[SC(x")|),en is not bounded, then there are infinitely many dis-
tinct parallel axes. In particular, if the axis of x has the Morse property, then the sequence
(|SC(*)ren must be bounded.

In the special case where G is a braid group, it is known that pseudo-Anosov elements have
the Morse property. Thus we know already that for any rigid pseudo-Anosov element x in a
braid group, Conjecture holds: the sequence (|]SC(x")|),en is bounded. Nevertheless, if
we want to understand the geometry of the “bundle” of axes parallel to the axis of x, we need
study the sequence in more detail.

While performing extensive computer experiments in order to test Conjecture [I.1] the authors were
surprised to discover that a much stronger result appears to hold. Indeed, there seems to be a unifor-
mity phenomenon: for any fixed number of strands, the power for which the sliding circuit set takes
its maximal size appears to be bounded:

Main Conjecture 1.2. For any Garside group G, equipped with a Garside structure, there exists
a finite set of integers Pg with the following property: for any rigid element x of G, the sequence
(|ISC(x™))nen is periodic, and the period is an element of Pg.

This conjecture is the fruit of large computer experiments with various Artin-Tits groups of spherical
type. Large numbers of random elements were generated (by writing random words in Artin genera-
tors), and for those that happened to have a rigid conjugate, the sizes of the sliding circuit sets of the
braids and their first few powers were calculated.
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Remark 1.3. Concerning the computer programs used for our calculations: for the braid groups
equipped with the classical Garside structure, the calculations were based on the C++ program Cbraid [21]].
By contrast, GAP3 with the development version of the Chevie package [30, I8, 25]) was used for
braid groups with the dual Garside structure, as well as for other Artin-Tits groups (with the classical
Garside structure). In the latter cases, we have much less experimental data, since calculations on
GAP3/Chevie were substantially slower than on the C++ program [21]. The port to Julia of Chevie
[26]] is substantially faster than the GAP3 version, but it was not used. Also, after the calculations
were completed, Matteo Wei created a profoundly rewritten version [33] of the C++ program, which
can deal extremely efficiently with very general Garside groups.

As a result of our calculations, we have the following table with the conjectured sets of possible
periods. Here B,, denotes the m-strand braid group (which is the same as the Artin-Tits group of
type Am—1), equipped with the classical Garside structure; B, denotes the same group, equipped
with the dual Garside structure. We did not perform calculations with the dual structure on Artin-Tits
groups other than the braid groups.

Group G 83 64 ‘ 85 ‘ 86 ‘ 87 ‘ Bg ‘
Po | {1} {1,2} [ {1,2,3} [ {1,2,3,6} | {1,2,3,4,6} | {1,2,3,4,6,12} |
Group G || B} B | Bt | B
Po || {1} ] {1,2,3} | {1,2,3,4,6} | {1,2,3,4,5,6}
GroupG || By |Bs,Bs| Bs | Dy | Ds | F4 | Hy | Hy |DLQ10)|

3
Po || {1} ] (1,2} | {1,2,3} | {1,2,3} | {1,2,3,6} | {1,2,3} | {1,2} | {1,2,3} | {1} |

Notation 1.4. In the braid group B,,, we will use the notation i instead of the more standard o; for
the ith Artin half-twist generator. Also, when we write 21|12, the symbol | indicates that the product
of two Garside generators 0,07 - 0107 is in Garside normal form as written.

In this paper, we will represent the sets of sliding circuits SC(x), and the simple elements that connect
the elements of SC(x) by conjugations, using some graphs that we will call conjugacy graphs (see
Definition [2.T).

The vertices of the conjugacy graph of x correspond to orbits (in SC(x)) under the action of to kinds
of conjugations called cycling and 7. Each vertex will be labeled with a representative of the orbit.

The oriented edges correspond to conjugations by two possible kinds of simple elements: a black
arrow (resp. gray arrow), going from a vertex labeled y to a different vertex labeled z, corresponds to
a simple element which is a prefix of the initial factor of y (resp. of the complement of the final factor
of y), conjugating y to an element in the orbit of z. See Section [2] for details. If there are exactly k
black (resp. gray) arrows conjugating y to an element in the orbit of z, we will draw a single arrow
labeled “xk”.

Example 1.5. In By, for x = 21|12|2132, we have |SC(x*)| = 6 if k is odd, and [SC(x*)| = 18 if k
is even. Figure|l|shows the conjugacy graphs of x and of x2.

On the left, we see that SC(x) consists only of x, of the two elements obtained from x by cyclically
permuting the three factors, and of their images under 7, so it contains only one vertex.

The set SC(x?), by contrast, is larger: we can conjugate x> in two different ways (by 1 or by 3), and
we obtain two elements of SC(x?) which are cyclic conjugates of each other (so they both represent
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O x? = 21]12]2132|21]12]2132 O<j"\_/o 21[12|2132/213223|32

x = 21]122132

FIGURE 1. For x = 21|12|2132, the figure shows on the left the conjugacy graph of
x (only one vertex), and on the right the conjugacy graph of x2.

the right-hand vertex). If we want to conjugate back, from one of the elements thus obtained to a
rigid braid representing to the left vertex, then we have only one choice: the only minimal simple
conjugator that conjugates 17! - (x?) - 1 = 21[12|2132|2132/23|32 to a cyclic conjugate of x? is the
braid 3. The arrows are drawn in gray color, because they represent conjugations by a prefix of the
complement of the last factor — in the notation of [3]], they represent "gray arrows". (By contrast,
“black arrows” are conjugations by prefixes of the first factor.)

The next figure shows a part of the Cayley graph, and specifically the conjugation of x> by 1 yielding
21]12]2132|2132|23|32. The blue arcs indicate sequences of generators that are in normal form. It is
also intuitive from the red arrows in this figure why y = 17! - x - I is not rigid whereas 1=! - x? - 1 is.
In Section 2] we will give a detailed explanation of how the calculation of a conjugate along a gray or
black arrow works.

X X
_ 2132/\ 21 o) 12 /\2132(\ 21 2\ 12 /\2132
121 121 1 2 2 1 1 1 2 1
1 2 1 3 320 321 1
IS W Y W Y2 W Y W'
21 R 12 R 2132 ..... 2132 ..... y 23 R 32

FIGURE 2. The conjugation of x> by 1 for x = 21|12|2132, seen in the Cayley
graph. This diagram can be periodically extended into a bi-infinite strip. This type of
diagram is called a domino diagram.

Let us reinterpret our conjectures in light of this example. We have seen that a rigid braid x may very
well have a conjugate y which is not rigid, but whose square (living in SC(x?)) is rigid. At first sight,
such an element y*> doesn’t look like a square, as its normal form does not consist of some shorter
word that is repeated twice. Now it may happen (though it doesn’t in this example) that some further,
even higher power of y can be conjugated again, yielding yet more rigid conjugates; and there may
even be a whole tower of such powers. However, Conjecture [I.I|states that such a tower is necessarily
finite, and Conjecture[I.2] claims that there is a bound on the highest power involved, and this bound
is uniform in the group.

Notation 1.6. For any element y of G which possesses a rigid power, we denote r(y) the smallest
positive integer such that y") is rigid.

Conjecture 1.7. (Rigid power implies uniformly small rigid power) For any Garside group G, there
exists an integer R such that for any element y of G which is conjugate to a rigid element and which
has a rigid power, r(y) < Rg.
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Notation 1.8. We say that in a group G roots are unique up to conjugacy if for any two elements
x1,xp and any positive integer k, the identity x’l‘ = x’é implies that x; and x, are conjugate. For
instance, this property is satisfied in braid groups (and roots of pseudo-Anosov elements are actually
unique, not just up to conjugacy) [20], in Artin-Tits groups of type B [24], in complex braid groups
of rank 2 [16], and it may well hold in all spherical-type Artin-Tits groups [[11](Conjecture X.3.10).

Proposition 1.9. If Conjecture holds in some Garside group G where roots are unique up to
conjugacy, then our Main Conjecture[I.2holds for the same group G.
Our first main result is that bounded implies periodic:

Theorem 1.10. (a) Let G be a Garside group, and y an element which possesses a rigid power. Then
V" is rigid if and only if n is a multiple of r(y).

(b) Suppose G is a Garside group where roots are unique up to conjugacy, and x is a rigid element
of G. If the sequence (\SC(x")Dn o 18 bounded then it is periodic. More precisely, if there is a
= sup,c [SC(x")

minimal positive integer r, such that |SC(x"*)
period r,.

, then the sequence is periodic of

Our second main result is that Main Conjecture is true for some of the most important and basic
examples. The definition of the family of circular groups from [[16] will be recalled in Section [5] but
we mention here already that it contains all the 2-generator Artin groups (type A», i.e. the 3-strand
braid group Bs, type B; and types Ir(m) for m > 5), all of them with their classical and dual Garside
structures.

Theorem 1.11. (a) Conjecture[l.7} and hence also the Main Conjecture[1.2] holds if G = G(m, {) is
a circular Garside group. Namely, Pg = {1} and R¢ = ;5.

(b) Conjectureholds for By, the four-strand braid group with the dual Garside structure: namely,
Pp; C{L,2,...,lem(1,...,27)}.

Remark 1.12. Using a detailed combinatorial analysis, it would be possible to prove that in B}, the
sequence |[SC(x")| can only have three possible behaviors: it is either constant, or it is periodic of
period 2, or it is periodic of period 3 with |[SC(x?)| = |[SC(x)| and |SC(x*)| = 4 - |SC(x)|. Correspond-
ingly, for any rigid x, either all conjugates y of x with a rigid power satisfy r(y) = 1 or r(y) = 2, or
they all satisfy r(y) = 1 or r(y) = 3. We will only prove the weaker result stated in Theorem [I.TT[b).

Remark 1.13. There is a potential connection of this work to the world of hierarchically hyperbolic
groups [31] and injective spaces [23]. Indeed, the property of x not to have new members of SC(x")
for large values of n is reminiscent of the strong constriction property, which is equivalent to the
strong contraction property [[1]. Now mapping class groups act on various injective spaces which are
quasi-isometric to the Cayley graph, and axes of pseudo-Anosov elements are strongly contracting in
these spaces [32]]. An example of such an injective space is the one constructed by Petyt and Zalloum
in [29]]. It is reasonable to wonder if an analogue property of our conjectured “uniform boundedness
of SC(x")” holds in these injective spaces: in a fixed mapping class group, are pseudo-Anosov axes
uniformly strongly contracting, in the sense that there is a constant C (depending only on the group)
such that any ball disjoint from the axis of a pseudo-Anosov element x projects to a part of the axis
whose diameter is bounded by C - £(x), where ¢(x) denotes the translation length of x? A. Zalloum
has informed the authors [34] that indeed he believes this to be the case.

The paper is organized as follows: in Section [2] we present the required background material from
Garside theory — much of the material in this section is well-known. Section[3|presents many examples
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which illustrate the subtlety of the problem. In Sectiond we prove our first main result, Theorem[I.10)
and the fact that, for groups where roots are unique up to conjugacy, the truth of Conjecture(l.7|implies
the truth of our Main Conjecture Finally in Section[5|we give the proof of our second main result,
Theorem [1.11] proving our conjecture in some important special cases.

2. GENERAL FRAMEWORK AND PRELIMINARY RESULTS

We start with some reminders of general Garside theory — the reader can consult [2, 3} 9} 10} (14} 27]].
We recall that in a Garside group G, equipped with a Garside structure, every element x is represented
by a unique word in normal form, taking the shape x = AK-x;|...|x,. Here A is the particular element
given by the Garside structure (e.g. the half-twist braid in ,, and the % -twist braid in B}, ); each x;
is a Garside generator or a simple element, and each pair of successive letters x; - x; | is left-weighted
— these terms will be defined shortly — and we indicate this by writing the product x;|x;11. We denote
k = inf(x) the infimum, k + ¢ = sup(x) the supremum, and ¢ = {.,,(x) the canonical length of x. The
automorphism 7: G — G is defined by 7(x) = A™!xA.

We recall the prefix ordering < on G, which is a partial ordering given by g; < g if and only if
gflgz € G, where G is the submonoid of positive elements of G, that is, products of non-negative
powers of generators. This is a lattice ordering: any two elements g;, g» of G have a meet g; A g2,
and a join g1 V g». The Garside generators of G, or simple elements, are precisely the elements x
satisfying 1 < x < A. The complement Ox of a simple element x is dx = x~'A. A product of two
simple elements x; - x, is said to be left-weighted, or in normal form if there is no prefix p of x, such
that x;p is simple, or equivalently, if x, A Ox; = 1; in this case, we write x;|x. This completes our
definition of the normal form.

For an element x of G with normal form A™®x;| .. |x, and £ > 0, the initial and final factors are
defined by ¢(x) = 7~ inf®)(x;) and 7(x) = x;. A element x is said to be rigid if either it is a power of A
or if the product ((x) - t(x) is in normal form as written: ¢(x)|¢(x). Equivalently, saying that x is rigid
means that the normal form of x? is as expected: x> = A2 L@ )| 7O () x| L. |xp. IF
inf(x) = 0, the idea is that the normal form word representing x, regarded as a cyclic word, is still in
normal form.

If an element g of G is conjugate to a rigid element, then, following [[19], we define SC(g) to be the
set of all rigid conjugates of g. (In fact, this is not the original definition of [19], but it is proven in
this paper that the original definition — which we won’t need — coincides with the one given here in
the special case of rigid elements.)

2.1. Calculating rigid conjugates. To any rigid element x, we will associate a graph with colored,
oriented edges called the conjugacy graph, already used in [6], and very similar to the graphs intro-
duced earlier in [3]].

Definition 2.1. Let x be a rigid element of G. The conjugacy graph of x has one vertex for every
orbit in SC(x) under the action of cycling (i.e.conjugation by ¢(x)) and of 7 (conjugation by A). The
edges, which we will call arrows, come in two colors: black and gray. A vertex represented by an
element y is connected by a black arrow to a vertex represented by z if there is a prefix ¢ < «(y)
which conjugates y to an element in the orbit of z, i.e.if ¢~ !yc belongs to the orbit of z. By contrast,
there is a gray arrow between these two vertices if the conjugator ¢ satisfies ¢ < dp(y). Any arrow
can carry a label of the form “xk” (with k£ > 2), indicating that there are k different conjugations of
one representative of the source vertex, yielding various representatives of the target vertex.
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One can easily check that 7 and cycling commute. If y is rigid, every element in the orbit of y under
cycling and 7 has the form APTk(yJ-)| TR () - - |7'k_p(yj_1) forsome j € {1,...,r} and
some integer k. Hence, if e is the smallest positive integer such thast A€ is central (in braid groups
with the classic Garside structure e = 2, and with the dual Garside structure e = n), then the size of
the orbit of y is at most er.

One can also check that, if there are exactly k black (resp. gray) arrows conjugating an element y to
an element in the orbit of z, then, for every y’ in the orbit of y, there will precisely be k black (resp.
gray) arrows conjugating y’ to an element in the orbit of z. Hence, the arrows in the conjugacy graph
(and their multiplicities) are well defined.

Remark 2.2. Our conjugacy graphs are almost the same as the graphs introduced in [3]], but there are
some subtle differences: firstly, in the graphs of [3]], the vertices are orbits of SC(x) under cycling, but
not under the action of 7. Secondly, the graphs of [3]] have fewer arrows per vertex than our graphs,
because they only contain minimal arrows (i.e.arrows that are not given by the concatenation of two
or more arrows of the same color).

It follows from the results in [3]] that conjugacy graphs are always connected, and that there is a path
from any vertex to any other vertex, first along a sequence of gray arrows, and then along a sequence
of black arrows (or vice versa).

Remark 2.3. In this paper, we are drawing two types of diagrams, which should not be confused. On
the one hand, we have domino diagrams (Figures [2] [3| @ [8] [Pl [L0), which live in the Cayley graph
of G (with generators = simple elements). In domino diagrams, arrows indicate right multiplication
by a simple element, and the little blue arcs connecting the end of one arrow x; to the start of another
arrow x; 1 indicate that the word x; - x;;| is in normal form. On the other hand, we have have pictures
of conjugacy graphs (Figures [I} 5] [7) from Definition [2.1) where (black or gray) arrows indicate
conjugations by simple elements.

Next, we recall the standard method for calculating the conjugate of a rigid braid x = Afx|...|x,
(with ¢ > 0) along a gray arrow, i.e.calculating the normal form of ¢~ !xc for some simple element ¢
such that xy - ¢ < A. We will see that this is essentially the same problem as calculating the normal
form of x; - x - ¢ for such an element c. We will first suppose, for simplicity, that inf(x) = 0; the
process is illustrated by the domino diagram in Figure [3] in the special case £ = 3. For an explicit
example, see Figure[2]

X
I I il >
« LN LN LN
do di & ds
co (&} (&) C3|=C
N N N
B R A Y3

FIGURE 3. A domino diagram showing the calculation of the normal form of ¢~ 'x ¢
if inf(x) = 0. It is a non-obvious fact that the word y; y, y3 obtained by this cal-
culation is in normal form. Also, under the hypothesis that both x and ¢~ 'xc¢ are
rigid, it is true but non-obvious that dy = d3 and ¢9 = ¢3 = ¢, meaning that
y1y2y3 = ¢ lxc, as desired.
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We denote dy = x; - ¢, and recall that this is a simple element by hypothesis. The first calculation
step consists in determining the normal form of x,_;d; — we denote the two factors dy_; and yy, so
that xy—; - dy = dy_1|y,. We denote ¢y = xg_jl - dy_y — this simple element can be interpreted as
“the initial part of d, that can be slid into x,_; . Then we work our way backwards through the word:
X¢—adg—1 = dp_3|ye—1, etc. The last step consists in calculating the normal form x; - d; = dp|y;, and
co = x[ldo. The right domino rule from [[10] tells us the non-obvious fact that the word y; - y2-.. .-y
thus obtained is in normal form (as indicated by the blue dotted arcs in Figure [3).

Lemma 2.4. Suppose that x is rigid with inf(x) = 0, that ¢ < 0p(x), and that ¢~ - x - ¢ is also rigid.
Suppose the normal form of xg|xi|...|x¢ - ¢ is do|yi|...|ve. Then dy = dy, and co = ¢y = c. In
particular, ¢~ 'xc = yi|y2| ... [ye.

Proof. This result is contained in the statement and proof of Proposition 2.1 of [18] — in that paper,
our elements ¢; are denoted ;. O

We have seen how to calculate the normal form of ¢~ !xc, provided that both x and ¢~ 'xc belong to
SC(x), that ¢ < Jp(x) (i.e.the conjugation represents a gray arrow), and that inf(x) = 0.

If inf(x) # 0, then we need a slight modification of the previous rule (see Figure dand Example [3.8):
in the very last step, we do not determine the letters dy and y; by calculating the normal form dy|y;

T )E ———————————— >
Mo, AN NI NP N
do Kdy) di > d3
Co C1 (&) c3|=¢C
A e A A
T—k(y1)~... Ak Y2 e y3

FIGURE 4. A domino diagram showing the calculation of the normal form of ¢~ 'xc,

in the case inf(x) # 0. Again, the word A¥y; y, y3 obtained by this calculation is in

normal form. Also, under the hypothesis that both x and ¢~ !x¢ are rigid, dy = d3

and ¢y = ¢3 = ¢, meaning that Ay, y, y3 = ¢ lxc.
of x; - d ; instead, we determine two letters, which we call dy and 77%(y;), by calculating the normal
form do\T_k(yl) of xp- 77X(d)). As previously, we let ¢cp = x[ldo. By the same arguments as above,
we have dy = dy and ¢y = ¢; = c¢. Thus, ¢ 'xc = T*"(yl)A" v2...ye. The latter word is almost
in normal form: in order to obtain its normal form, it suffices to slide A to the start, using the rule
7 kK(y1)A% = AKy, . Finally, the normal form of ¢~'xc is AFyq|...|y,.

2.2. The structure of the conjugacy graph.

Lemma 2.5. Let G be a Garside group. Suppose x € G is rigid, and n,N are two integers with n|N.
Denoting d = %, we have:
(1) The function 7¢: SC(x") — SC("), y — y¢ is an injection. In particular,
[SCGM)|.
(2) The injection 7 sends each orbit under cycling and T of SC(x") bijectively to an orbit under
cycling and T of SC(xN).

SCe| <
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(3) The function 7 gives rise to an inclusion of the conjugacy graph of x" in the conjugacy
graph of xN.

(4) Suppose that the natural injection of centralizers C(x") — C(x") is also surjective. Then the
image of the inclusion mentioned in (3) of the conjugacy graph of x* in the conjugacy graph
of XN is an induced subgraph.

Proof. (1) If y is a rigid element conjugate to x”, then y? is a rigid conjugate of xV, so 7¢ is well-

defined. Next, we claim that the normal form of y can be reconstructed from the normal form of y¢
inf(y%)
d

(which implies injectivity). Indeed, since y is rigid, inf(y) = , and the non-A factors of the

d
normal form of y are the same as the last % factors of the normal form of y¢.

(2) is a consequence of the fact that 7¢ commutes with cycling and with 7.

(3) Before proving (3), we warn the reader that minimality of arrows may not be preserved by ¢,
i.e.it can happen that a minimal edge in the conjugacy graph of x" is split into two minimal edges
by 4.

From point (2) we know that the function 7¢ induces a well-defined map from the vertices of the
conjugacy graph of x” to the conjugacy graph of x" . Let us now think about the edges.

Suppose in the conjugacy graph of x* we have a black edge from a vertex represented by an element
y of SC(x") to a vertex represented by z = ¢~ lyc € SC(x"), where ¢ < «(y). Then ¢~ yc = 24,
and also ¢ < «(y9), because (by rigidity of y) we have ¢(y¢) = «(y). This means that in the conjugacy
graph of x, there is still a black edge between the vertices represented by y¢ and z¢. The same
argument works for gray edges. In summary, 7¢ induces an inclusion of the conjugacy graph of x" in
the conjugacy graph of x".

(4) Suppose that y, z € SC(x") represent distinct vertices of the conjugacy graph of x", and that in the
conjugacy graph of xV there is a black edge connecting the vertices represented by y? and z?. Let ¢ be
the conjugating element: ¢ < «(y%). We have to prove that there is also a black arrow in the conjugacy
graph of x" from y to z with conjugating element ¢. For that, we observe that ¢ < «(y) = v(y?),
by the rigidity of y; moreover, since y and z are both contained in SC(x"), there exists an element
¢ which conjugates: ¢~'y¢ = z. By taking dth powers, we obtain ¢~ 'y?¢ = 7. Together with the
fact that ¢~ 'y?c = z? we obtain ¢c~'y?c¢~! = y¢. Since the centralizers of y¢ and of y coincide, we
deduce that ¢~ 'ye¢™! =y, and conclude that ¢~ 'ye = ¢~ 'ye = z. O

Remark 2.6. Lemma [2.5[4) will not actually be used in the rest of the paper. It is, however, quite
a powerful statement: for instance, in the context of braid groups, the hypothesis C(x") = C(xV)
is verified for all pseudo-Anosov braids. This is an immediate consequence of the fact (proved in
[20] that pseudo-Anosov braids have unique roots: if y~!x'y = x/, then (y~'xy) = x, and by the
uniqueness of roots yflx"y = @*lxy)k = xK. (The fact that C(x**) = C(x!) for a pseudo-Anosov
braid x can also be deduced from the results of [22].)

2.3. Sliding circuits set and super summit set. We recall that for any element x of G there is
another well-known characteristic subset of the conjugacy class of x, called the super summit set
S§8S(x) which satisfies SC(x) C SSS(x). We recall the definition from [14]: an element y of G
belongs to SSS(x) if it is conjugate to x, if inf(y) is as large as possible among conjugates of x, and if
sup(y) is as small as possible among conjugates of x. It is a non-obvious fact that this subset is always
non-empty, and that it coincides with the set of conjugates y of x whose canonical length £, (y) is as
small as possible among conjugates of x.
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Proposition 2.7. Suppose that x is a rigid element of G, but that its conjugate y € SSS(x) is not rigid.
Then no positive power y" is rigid.

In other words, if x is rigid and y € SSS(x) \ SC(x), then no power y" belongs to SC(x"). Yet another
way of saying this is: for elements possessing a rigid power and a rigid conjugate, the property of
being in its own SSS is actually equivalent to the (a priori much stronger) condition of being in its
own SC.

Proof. For every positive integer n, the element x" is rigid. Therefore £.4,(x") = n - £.4,(x), and no
conjugate of x" has a smaller canonical length than that. In particular, £.4,(y"*) = n - £c4n(x). On the
other hand, y € SSS(y) = SSS(x), s0 lcan(y) = Lean(x). This implies that .., (V") < 1 - Legn(y) =
n - Leagn(x). We have proven that £.,,(y") = n - £..,(x) for every positive integer n. Since this is the
smallest canonical length in the conjugacy class of y", it also follows that inf(y"*) = ninf(y) = ninf(x)
for every integer n.

This implies that the sequence of initial factors «(y), t(y?), . . . is increasing, in the sense that each is a
prefix of the next: «(y) < ¢(»?) < «(y°) < .... Indeed, if p = inf(x) and r = £, (x), the left normal
form of y", for any given n > 0, is as follows: A”"s;|---|s,,. When we multiply it by another copy
of y, we obtain

yn+1 = AP 5 APyp -y, = Ap(n—i_l)Tp(Sl) TP (sm)yr ey

Since the canonical length of y**! equals r(n + 1), it follows that no factor A is created when
computing the normal form of 77(sy) - - - 7P(s,,)y1 - - - ¥». So the first factor in the normal form of this
element is 77(s1)t for some simple element 7. Therefore, the initial factor of y”*1 is

WM = P EP (s = 7T PR @) = WD),

Since 7Pt (1) is simple, we obtain ¢(y") < «(y"t1), as claimed. (This argument follows the proof
of Lemma 3.28 in [2]).

In particular, ¢(y) < ¢(y"). By a similar argument, ©(y) = ©(").

Now by hypothesis, y is not rigid, i.e.the product (y) - ¢(y) is not left-weighted; this means that
t(y) has a non-empty prefix i such that p(y) - i is simple. A fortiori, the product (y") - ¢(y") is not
left-weighted, either (as the same element i is still a prefix of «(y") and ¢(y") - i is still simple). This
means that y” is not rigid. U

Example 2.8. We return to Example There, the rigid braid x = 21|12|2132, with inf(x) = 0
and sup(x) = 3, has a conjugate y = 1~ !'x1 = A=112132[21321|23|32 which is not rigid but whose
square is rigid. As predicted by Lemma y does not even belong to SSS(x), as witnessed by the
fact that inf(y) = —1.

3. MORE EXAMPLES

In this section we present some examples which we find enlightening. All calculations were performed
with the computer programs Cbraid [21]] (for 5,,) and GAP3 [30} 8] (for B},). Whenever we say that
the sequence |SC(x")|,en “appears to be” periodic of some period, we mean that this is what our
(necessarily finite) calculations indicate.
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Example 3.1. In Bs, if we set x = 21324334432, then the sequence (|SC(x")|),en appears to be
periodic of period 3, with [SC(x)| = |SC(x*)| = 6 and |SC(x*)| = 42. The conjugacy graph of x°
consists of three vertices which are connected by three gray arrows in a cyclic manner.)

Example 3.2. In Bg, if we set x = 243215432|24, then the sequence (|SC(x")|),en appears to be

periodic of period 6, and |SC(x)| = 4, |SC(x?)| = 12, [SC()| = 28, |SC(xH| = 12, [SC()| = 4
and [SC(x%)| = 84.

Example 3.3. The following example might help for understanding the general case. We consider the
8-strand braid group, equipped with its classical Garside structure, and the element

x = 246|24654321765432 € By

Calculations with the computer program [21] indicate that this element x is rigid and pseudo-Anosov,
with inf(x) = 0 and sup(x) = 2. Moreover, the sequence (|SC(x")|),cn appears to be periodic of
period 12, with

nl[1]2]3[4]|5] 6 [7][8]9]10][11] 12|
iscon| || 4124076 4] 120 4] 76]40|12] 4 | 760 |

One possible interpretation is that the 8-strand braid x has some kind of symmetry which only reveals
itself in the twelfth power x'>. Making this intuition more precise might be a great step towards
proving Conjecture [[.2]

Figure [5| shows the conjugacy graph of x!'?. This graph nicely illustrates the fact that the possible
values of r(y) among conjugates y of x are 1,2,3,4,6 and 12. The red dot is present in the conjugacy
graph of x" for every n, where it is represented by the braid x". The orange dot is present in the
conjugacy graph of x” if n is even: it is represented by y? for some non-rigid conjugate y of x with
r(y) = 2 — we say the element y? is at level 2. The yellow dots are in the graph of x" if 3|n (they are
represented by level 3 elements), the green dots if 4|n, the blue dots if 6|n, and the white dots if 12|n.

Here is an example of an element y which is conjugate to x, which is not rigid, but whose twelfth
power is: we take y to be x, conjugated by the braid ¢ = 16

y=—6—-1-x-16= A’I(Aafl)\246543217654321]46]6
where Aal_l is a simple element (that we did not write explicitly for the sake of clarity).

As expected from Lemmal[2.7] y does not belong to its super summit set — indeed, we have inf(y) =

—1 = inf(x) — 1 and sup(y) = 3 = sup(x) + 1. Here is the list of infima and suprema of powers of x
and y:

a1 2]3]4]5]6[7]8]9]10]11]12]

infx) 00|00} O|O0O]O0O]|O0O]0]O0]0]O

0

8

inf(") || -1 -1 -1 al-a]-1fo1]-1]-1]0
supe) [ 2[4 |6 1012]14]16] 182022124
sup) [ 3 [56|of11]12]15]17]18]21 2324

Remark 3.4. We know already (see Remark that in the conjugacy graph of x", for any rigid
element x and any integer n, we can get from any level 1 vertex to any maximal-level vertex by a
path along gray arrows, followed by a path along black arrows (or vice versa). We conjecture that
it is actually possible to get from some level 1 vertex to some maximal-level vertex by a path along
a single gray arrow and a single black arrow (these arrows may not be minimal). We will see in
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O Level 12
® Level 6
@ Level 4
O Level 3
@ Level 2
® Level 1

2

FIGURE 5. The conjugacy graph of x!
black and gray arrows are shown but only the minimal ones, i.e. only those arrows
that cannot be obtained as the composition of two or more arrows of the same color.

. However, for the sake of clarity, not all

s s o c s s
I c e oc Z>c e
2 > O /sl 4 /ol 0 SIS
e c e >c 5
S5 =55 S5 5A—SA
Z Z Z Z ¢ oA
J Lo 2
——c c c e c S—]
=7 ;/\/——\ Z /_/—\\/ —: /J\Zy— =2 \_/\/——\ /—/—\/
=55 e c o i S (4 gt g 4 < g e s
N S c c S i s b—c
s O bt /e c c AL AL \

FIGURE 6. The braids x'> (above) and vy, its conjugate by o106 (below). Thus the
upper picture shows a representative of the red dot in Figure [5] and the lower one
shows a representative of one of the white dots.

Lemma [5.5] that this conjecture would imply an upper bound on the height of the maximal level, and
thus essentially prove our main conjecture.

Example 3.5. Here is a generalization of Example@ In B,,,, the element
x=(2468...2m —42m —2)2m —32m —4...3212m — 12m — 22m — 3...432
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is a rigid pseudo-Anosov braid, and it appears that the sequence (|SC(x")|,cn) is periodic of period
m-(m—1).

Example 3.6. The aim of the next example is to destroy one possible idea for proving Conjec-
ture In the 5-strand braid group with its classical Garside structure, we consider the element
y = A72121321432|213214321|121321|232143. 1t is pseudo-Anosov, it satisfies inf(y) = —2,
sup(y) = 2, it is not rigid, but it is conjugate to the rigid braid x = 12321.32143 with inf(x) = 0 and
sup(x) = 2. The powers of y are as follows:

y = A7T2121321432|213214321|121321[232143
y* = A%12321432(2134321]12[213
v = A7T2121321432|213214321|121321]232143]12321432(2134321|12|213
4

v = A°12321432]2134321(12|213]12321432[2134321|12[213

The braid y" is rigid if and only if n is even. We have inf(y") = —2 if n is odd, inf(y’*) = 0 if n is
even, and sup(y*) = 2n.

We observe that the last factors of y and y* do not coincide. This example goes to show that the
sequence of pairs (¢(y"), ©(y'*)) need not be periodic of period r(y), even when r(y) is the first rigid
power of y, and even when the sequence |SC(x")| is periodic of period r(y). (It is, however, conceiv-
able that this sequence is eventually periodic, starting from its first repetition of a pair.)

The final three examples will illustrate the proof of our main theorem. They take place in B}, the
4-strand braid group equipped with the dual Garside-structure of [4]. Here is a quick reminder of how
this structure works. The four punctures are arranged in a circular fashion around the disk, and the
Garside element ¢ is given by a counterclockwise cyclic movement of all four punctures in the disk by
an angle of 7, giving rise to a cyclic permutation of the punctures. The divisors of ¢ are in bijection
with non-crossing partitions of the four punctures — indeed, given a non-crossing partition, we get a
braid by a movement of the punctures which cyclically exchanges the punctures in the same subset.
Thus, the divisors of ¢ in B} are the trivial element, the six atoms (I J), (2), (1), (), (7) and (X)),
aswell as (1), (N), (I7), (), (Z), (1 1), and finally (1) = §. We will call (%) and (X)) the “diagonal
elements”. Here are some examples of relations between these generators: (1 1) - ((7) = (1) (whereas
the product () - (1 ;) cannot be simplified and is in normal form), (2) - C 1) = (1), ) -0 D) = ()
(A1) - (17) = (11). We also recall the automorphism 7(x) = §~'x§, which can be interpreted as a 7
counterclockwise rotation of the disk: 7((0)) = (. 1), 7(("7)) = (N\) etc.

Example 3.7. In B} : we define x = (\)(/)()(1 (/7). Then the sequence (|SC(x")|),en appears to
be periodic of period 2, with |[SC(x)| = 7 and [SC(x?)| = 7 - 20 = 140.

X = ((DCACDA D) COCADCDCCEC DEACA D)
O=—_ = ——0=_ = T=0=__ =0
CICACDA HEEICAEHA D) GO DEHEHEDE)

FIGURE 7. The conjugacy graph of x* for x = (X)) )G

The conjugacy diagram of SC(x) consists of only a single vertex (i.e. the only rigid conjugates of
x are those obtained by cyclic permutation of its factors and the action of 7), whereas the diagram
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of x> has four vertices. Each of the rightward-pointing arrows in the diagram represents conjugation
by (I }), each of the leftward-pointing arrows represents conjugation by (. 1).

FIGURE 8. The conjugation of X2 by (I 7)) for x = )G DCA)

We remark that the conjugacy graphs of x> can become arbitrarily large, e.g.if we choose x from the
family x = (\)C2)CDA DC) (CICDCICD)” with s € N.

Example 3.8. This example is similar to the previous one, but it illustrates the case inf(x) # 0. In B},
we consider x = d())(/}). Then the sequence (|SC(x")|),en is periodic of period 2, with |SC(x)| = 4

X X
~ 9] e () ) ) N\ ) /e () N ) 2\ )
) N) ) ) ~) ) )
1) () () (1) (17
S N D, A

() @ ) e (N (@ ()

FIGURE 9. For x = § - ()(), the conjugation of x? by (1) yields
(D) CDENDE ) = 6 (CDC DEACD).

and [SC(x?)| = 12. Indeed, the conjugacy graph of x has only one vertex, representing the four
obvious elements & ()(2), d C/)(N), 6 ()G, and 6 ()(2). The conjugacy graph of x* has two
vertices: the vertex represented by X2 = (0 = 82 CDEDC)E), and the one represented by
D720 ) = 2C0CDHENCD). Figure@ shows the calculation that conjugating X2 by (1) yields
() OCHCY) (D). The latter word is almost in normal form: in order to obtain the normal form,
it suffices to slide the letters J to the start of the word, using the rule x; - 6 = 0 - 7(x;). We find:

I R X |7 B (I = R 0 | ) (79 [ B

Example 3.9. Still in B}, we consider x = (_2)(.2)C DC DCE)( ) 2. Then the sequence (|SC(x™")|)nen
appears to be periodic of period 3, with [SC(x)| = |SC(x?)| = 3 and [SC(x*)| = 32.

4. PERIODICITY OF [SC(x")|

We are now going to prove Theorem[I.10]
Lemma 4.1. Let G be a Garside group.
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0 DX XXX X XXX DX XX X XX DX XX )
.y C/n L) an)
X XX XX XX XX XY

FIGURE 10. The conjugation of x* by (=) for x = (_)()C DC DCOCA DA D)

(a) Suppose y1,y, are rigid elements of G which have a common power, i.e.there are positive integers
k,l such that ylk = yzl. Then they have a common root which is rigid: there is a rigid element y, with

gcd(k 0 gca'(k )]

yi =y and y, = yi
(b)If y € G is such that y™ and y" are rigid, then y&4™ is rigid.

Proof. (a) If either k = 1 or [ = 1, then the result is trivial, so we assume that k,/ > 1. In order to fix
notations, we say the Garside normal forms of y; and y, are y; = APu; - - - u, and y, = Avy -+ - vy
Since y; is rigid, the normal form of ylk is obtained from the k-fold repetition
(APuy - u)(APuy - uy) - (APuy - uy)
by just sliding the factors A? to the left. Hence, the normal form of y lk is
k _ Akap(kfl)(ul) .. .Tp(kfl)(ur)Tp(ku)(ul) .. .Tp(k*Z)(ur) ...... Ui uy
In particular, 1nf(y1) =p-k,and Kcan(yl =r-k.

In the same way, as y, is rigid, the normal form of y2’ is
vy = AN - 1D ) 1D ) D ) g
As the Garside normal form of ylk = yzl is unique, it follows that pk = ¢l and rk = sl.

We now denote d = gcd(k, 1), as well as a = = and b= 5, so that k = ad and | = bd, where a

and b are coprime. With this notatlon p= ql = %b and r = % = % are integers, which implies that

p and r are divisible by b = " d(k’l) . Slmllarly, g and s are divisible by a = W.

Now, as the A-factors can be moved along the Garside normal form to any desired position (conju-
gating the simple factors), we can decompose ylk into k - b factors:

YE= ALY ALY, ABY,
where each Y; is a normal form word consisting of ; = 7 consecutive letters of the normal form
representative of ylk, conjugated by a suitable power of A. Also, yzl has a similar decomposition
= ALY - AiYy - - ALY,
where we recall that £ = 2 and la = kb.
Now consider the finite sequence S = (Ag Yy, A5 Yo,..., A5 Yi»). By construction,

= ALY - ABY, = AbYpy - AbYap = ... = Ab Yy _pyr - A5 Y
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Thus the sequence S is periodic of period . By the same argument applied to the element y;, the
sequence is periodic of period a. Since a and b are coprime, the sequence is constant. Thus ¥; = Y,

forj=1,...,kb. We can set y, = A5Y, = AuY;, and we obtain
=y, and  y=yf

as desired. Finally, we see that y, = AbY | is rigid. Recall that the normal form of y* is obtained by
just concatenating kb copies of the normal form of y* and sliding the A factors to the left. Thus, the
same happens with just two copies of y., so y, is rigid. This completes the proof of Lemma.T|(a).

In order to prove part (b), we apply part (a) in the special case y; =y, y» =y", k=nand [ = m. If

we denote d = gcd(m, n), we obtain that it exists a rigid element y, such that y" = y¢ and y* = y{.
We will show that y? is rigid by proving that y¢ = y, . For that purpose, we remark that by Bézout’s
identity, there are integers «, 8 such that am + Sn = d. Hence:

am+n

Y = yemsin — (ympa = ()P = (y,) T =y,

Proof of Theorem Part (a) of the theorem is an immediate consequence of Lemma [.T|(b).

In order to prove Theorem [I.I0(b), we define a primitive element of U,cnSC(x") to be an element
which cannot be written as a power of any other element of U, cnSC(x"). (Note that it is conceivable
that, for instance, a primitive element lying in SC(x?) might have a rigid third root — that root would
necessarily be non-conjugate to any power of x.)

We claim that two distinct primitive elements y;,y, of U,enSC(x") cannot have a common power.
Indeed, suppose that y; € SC(x™) and y, € SC(x") for some m,n > 0 are primitive elements having
a common power z = y’f = ylz. Let us denote d = ged(k, ) and r = lem(k, [).

We can assume that x is non-trivial, otherwise we could not have two distinct primitive elements.
Hence, either inf(x) # 0 or £, (x) # 0. Now z is rigid and conjugate to x"* and also to x", so
inf(z) = mkinf(x) = nlinf(x) and £.,,(z) = mkleqn(x) = nll 4, (x). Hence, mk = nl, it is a multiple
of r, and we can denote the integer ¢ = ’”7" = ”71

L k
By Lemma a), there is a rigid element y, such that y; = y¢ and y, = y¢. This implies that
Lot mk\ "

Vo =yd =y =y, =z But () = (x7> = x"*_ which is conjugate to z. That is, y, and a
conjugate of x’ have a common r-th power, z. Since, by assumption, roots in G are unique up to
conjugacy, it follows that y, is a rigid conjugate of x’. Hence y, € U,enSC(x"). As y; and y; are
powers of y,, they cannot be both primitive, and we get a contradiction. This proves the claim that
distinct primitive elements cannot have a common power.

Now we observe that the set U,cnSC(x") consists of the set of all powers of all primitive elements. It
follows that

[SCeM)| =Y |{y € SC(H)|y primitive} |
kln
Since the sequence [SC(x")|,cn is bounded, we deduce that there are only finitely many primitive ele-
ments, say p. More explicitly, if we enumerate the primitive elements arbitrarily, and we denote r; the

positive integer such that the ith primitive element belongs to SC(x""), then for r, = lem(ry, ..., rp)
we have: |SC(x™*)| = max,en|SC(x")|, and r, is the smallest number with this property. Now our
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sequence is periodic of period r,. Thus we have proven Theorem |1.10|and explicitly identified the
number r, . ]

Next, we prove the promised implication between conjectures. We recall

Conjecture [I.7] For any Garside group G, there exists an integer R such that for any element y
of G which has a rigid power and which is conjugate to a rigid element, r(y) < Rg.

Proposition [1.9] If Conjecture holds for some Garside group G where roots are unique up to
conjugacy, then our Main Conjecture[I.2 holds for G.

Proof. Suppose G is a Garside group with unique roots up to conjugacy and in which Conjecture
holds. Let us study the coefficients ry,...,r, in the proof of Theorem [I.TI0(b) above. Let’s say the
ith primitive element is t~1x"it € SC(x'"). Then r; = r(t~'xf) < Rg. Thus we have a uniform
bound on the coefficients ry,...,r,, i.e. on “the lowest floor where new rigid elements appear”. So,
to summarize, G has the following property which, for later reference, we call Property (x):

Notation 4.2. We say a Garside group G satisfies Property () if in G roots are unique up to con-
jugacy and there exists a number R such that for any rigid element x all the primitive elements of
UnenSC(x") lie in the finite set U,<r,SC(x").

We have seen in the proof of Theorem [I.I0(b) that for any Garside group with Property (x), the
sequence (|[SC(x"|),en is periodic of period lem(ri, ..., r,) (wWhere p is the number of primitive el-
ements). Thus for any rigid element x we obtain the bound of lem(1,2,3,...,R¢) on the period
of the sequence |SC(x")|, and this bound depends only on the underlying group G and its Garside
structure. ]

5. PROOF OF THEOREM [L.11]

5.1. Circular Garside groups. Our aim now is to prove Theorem [I.11}a). We recall from [16] the
definition of the circular Garside groups. We fix two positive integer parameters m, ¢, along with an
alphabet {ag,...,a,—1}, where we see the indices in Z/mZ. For i € Z and p € Z>;, we define
s(i, p) as the product

si,p) =a;- - aiyp—1
We define the circular monoid M(m, {) by generators and relations:
M(m,0) = {ag,...,am_1 | Vi € [0,m — 1], s(i,0) = s(i + 1,0))*.
This monoid is a Garside monoid with Garside element A = s(0, ¢). Its attached Garside group is
denoted by G(m, £) and called a circular group.

By definition, the presentation of G(2,¢e) is the Artin presentation of the Artin group of type I>(e),
whereas the presentation of G(e,2) is the dual presentation of the same group. In particular, we have
G(2,3) = B; and G(3,2) = ;.

We list a few remarkable features of circular groups which we will use often:

¢ The nontrivial simple elements are exactly the elements s(i, p) with 1 < p < /.
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o If s5(i,p) is a simple element which is nontrivial and different from A (ie. 1 < p < ¥),
then there is only one way to write s(i,p) as a product of atoms in M(m,{). We can then
define the first letter of s(i,p) as I(s(i,p)) := a;, and the last letter as F(s(i,p)) := aj1p—1.
Given an element x € G(m, f) which is not a power of A, we denote I(x) = I(¢(x)) and
F(x) = F(p(x)).

¢ By [16, Lemma 2.5], if s(i,p), s(/,p’) are two simple elements distinct from A, then the
product s(i, p)s(i’, p’) is in Garside normal form if and only if i+ p # i'[m]. In the case where
i + p = i'[m], then the Garside normal form of s(i, p)s(i’, p’) is as follows:

s(i,p+p)) ifp+p </,
S(iap)s(ilap,) =qA lfp +P/ = g;
As(i+Llp+p —0) ifp+p > L.

Note that if s(i,p)s(i’,p') # A, then I(s(i,p)s(i',p")) = I(s(i,p)) and F(s(i,p)s(i’,p")) =
F(s(@,p")).

o If x,y € G(m, £) are not powers of A, then the Garside normal form of xy is the concatenation
of the Garside normal forms of x and of y if and only if the product F(x)I(y) is left-weighted.

e For any integer k, the only rigid conjugate of A* is A itself. In fact, AF is actually the
only element in its super-summit set. To see this, one can consider the length morphism
f: G(m,¢) — 7Z sending s(i,p) to p. Since f(s(i,p)) < f(A) if p < £, we have f(x) <
¢sup(x), with equality if and only if x is a power of A. If x lies in the super-summit set
of A, then f(x) = f(A¥) = (k since x is conjugate to A¥, and sup(x) = sup(A¥) = k. Thus
x must be a power of A.

e As shown in [16, Theorem 2.16], roots in circular groups are unique up to conjugacy.

Lemma 5.1. Let o, 8 € G(m, £) with canonical lengths r and s, respectively, and suppose that o, 3
and a8 are not powers of A. If r > s then I(af) = I(«). If r < s then F(af) = F(5).

Proof. Let x,y,z,t be simple elements such that the products xy and zt are left-weighted and that
vz # A. We compute the Garside normal form of xyzz:

e If yz is left-weighted, then the desired normal form is x|y|z|¢ by definition.

o If yz = u is a simple element distinct from A, then F(u) = F(z) and I(u) = I(y). This
implies that the products xu and ut are both left-weighted. The desired Garside normal is
then x|ulz.

o If yz = Au where u is a simple element distinct from A, then F(u#) = F(z) and the product
ut is left-weighted. Moreover, we have /(1) = a; 1y where a; = I(y). This implies that the
product 7(x)u is left-weighted since F(7(x)) = aj1¢, where a; = F(x). The desired normal
form is then A7 (x)|ult

Now, suppose that r > s. Let « = APay ---a, and 8 = A?b; - - - by be written in left normal form.
By hypothesis, r > 0 and s > 0. We set

h:=max({0} U {i € [1,s] | 777 Ya,_i )bi = A}).
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By definition of #, we have 79(a,_p41) - - - 7 (a,)by - - - by, = A", This implies that

Oéﬁ — A‘Da] .. .arAqbl .. 'bs
= NFr%ay) - - 79a,)by - - by
= APHI(g)))| - - ’Tq(ar—h)Ahbh—H’ -« |by

= APFathpathg )y o r G, by | - (b

We cannot have 7 = r = s since this would imply that o8 = APT9H" is a power of A.

e If 1 = s, then s < r and the left normal form of a3 is AP+tathrath(q))...ra+h(a, . Since
r—h>1,wehave I(af) = I(c).

e If 1 < s < r, then we can apply the first part of the proof to the product
794 (a, )T a,_p)bp i1 |bryo . In each case we obtain that I(a8) = I(c).

Now, the last claim follows by symmetry, taking into account that the left and right normal forms of
an element in a circular group coincide, up to sliding the A factors to the left or to the right. g

We are now ready to prove:

Theorem [1.11[a) Conjecture[1.7 and the Main Conjecture[1.2 hold in the circular group G(m, ).

Specifically, P,y = {1} and Reone) = o7

mAL*

Proof. We will first prove Conjecture Let x be arigid element of G(m, £), and y a conjugate of x
with a rigid power.

First case: we suppose that some power of y belongs to (A), say ¥ = A?. As we noted in the
beginning of this section, we have SC(AY) = {A?}. Since x is a rigid conjugate of y, the element x”
is a rigid conjugate of y* = A9, but there is a unique rigid conjugate of A4, hence x” = A4. Now, if a
rigid element x is not a power of A, no power of x can be a power of A (we have {4, (x*) = kl g (x)
50 Lean(xX) can never be 0). It follows that x must be a power of A. Hence x = A’ (where 1p = q).

Now, y is conjugate to x = A’, so y = o~ ! Al for some «. Since z = A"/ ig central in G(m, £)
by [16, Corollary 2.11], the element X"/ = 7' is also central, and thus y"/"\é = ym/mAt — Atm/mne
is rigid.

Second case: we suppose now that no power of y belongs to (A). We claim that I(y") = I(y) and
F(") = F(y) for every n > 0. The proof will be by induction; the case n = 1 is trivial, so let us
assume that n > 1 and that the claim holds for smaller values of n.

We have y* = y"~!y = yy"~!. By induction hypothesis, I(y" ') = I(y) and F(y"~') = F(y). Since
Y, y”_l and y" are not powers of A, we can apply Lemma to obtain that, if Ewn(y”_l) = Lean(y),
then 1(y") = 1" 'y) = I(y"™") = I(y) and F(y") = F(yy"~ ") = F(""') = F(y). Similarly, if
CLeany" 1) < Lean(y), then I(y") = I(yy"~") = I(y) and F(y") = F(y"~'y) = F(y). This covers all
cases, so the claim is shown.

Recall that an element o € G(m, ¢) is rigid if and only if F(«) and I(«) are not consecutive atoms.
In our case, we know that for some n > 0 such that y" is rigid, the atoms F(y") and I(y") are not
consecutive. But since /(y") = I(y) and F(y") = F(y), this implies that y is also rigid.
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Thus the proof of Conjecture|1.7|is complete, with R,y = ;57 - Since roots in circular groups are
unique up to conjugacy, this implies, in principle, the truth of Main Conjecture|1.2|in this framework

(by Proposition . However, it does not yield the desired bound of Pgn ey = {1}.

In order to obtain this bound, we take x to be a rigid element of G(m, ¢), and we have to show that
|SC(x™)| does not depend on n. If x is a power of A, then this has already been discussed in the
beginning of this section. Assume now that x is not a power of A. By Lemma[2.5] we know that the
map 7" : y — y" induces an injection from SC(x) to SC(x"). It is then sufficient to show that 7" is
also surjective. Let z € SC(x"), and let a be such that ax"a~! = z. The element 7 = axa ™! is a
conjugate of the rigid element x which admits a rigid power z. Since x is not a power of A, we are
in the second case of the first part of the proof, and thus 7’ is rigid. We then have 7/ € SC(x) and
(') = z as we wanted to show. O

An interesting byproduct of the above proof is that the only case in which y (conjugate to a rigid
element) is not rigid but has a rigid power happens when y is a non-rigid conjugate to a power of A.

Moreover, we showed that r(y) < #M in this case. Here is one more observation:

Lemma 5.2. The bound RGn,e) = 5,57 is optimal.

Proof. Consider the element y = s(1,¢ — 1)ag = s(1,£ — 1)s(0, 1). It is equal to a, "Aag, and we
claim that r(y) = .75

If m divides ¢, then % = 1. We have 1 + /¢ —1 = £ = O[m], and thus y = s(1,{) = A. If
m does not divide ¢, then ¢ # O[m] and the Garside normal form of y is s(1,¢ — 1)|s(0, 1). Since
s(0, Ds(1,£ —1) = A, we have y" = s(1,¢ — DA"1s(1,0) = A" 1s(1 + ¢(n — 1),£ — 1)s(1,0) for
n > 0. The element y" is then rigid if and only if it is a power of A, which is itself equivalent to the
product s(1 4+ £(n — 1), £ — 1)s(1, 0) not being left-weighted. This is again equivalent to

1+4n—1)+/¢=1[m] & nl =0[m].

The smallest n for which this holds is n = mTVZ = -7 as we wanted to show. O

5.2. The four-strand braid group with the dual Garside structure. We now turn our attention
to By, the 4-strand braid group with its dual Garside structure. In this group, the simple elements
correspond to non-crossing partitions of 4 elements, that can be represented as

{COFUL D, DD, D, 00, DY UMD, (7), (D, (D), (), (1 DY U{ID}.

Here, (; ;) is the trivial element, the second subset is the set of atoms, and the third one is the set of
simple elements of weight 2, i.e. elements that can be written as products of two atoms (in several
different ways, e.g. (N) = (1 H(N) = D)) = () ), finally the Garside element 6 = (I1) has
weight 3, i.e. it and can be written as a product of three atoms. There are 16 different ways to do so:

(D) = ICDHED) =0 ICHCD = CHCDED) = ...

Lemma 5.3. Suppose G is a Garside group, equipped with a Garside structure where the Garside
element is of weight 3. Suppose the normal form of a rigid element x of G contains a letter of weight 1
and a letter of weight 2. Then the conjugacy graph of x (and of x"* for any integer n) consists of only
one vertex.

Proof. Possibly after applying the cycling operation a few times, we can assume that the final factor
of x is has weight 2. This implies that Jp(x) is an atom. Now we recall that any gray arrow in the
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conjugacy graph leaving the vertex represented by x is given by conjugation by an element of
Cx ={c € G|l <c=<dpx)}.

Hence, in our situation, this set is empty. We conclude that no gray arrow can leave the vertex repre-
sented by x.

Similarly, after some cycling, the initial factor of x is of weight 1, that is, ¢(x) consists of only one
atom, and no black arrow can exit the vertex represented by x.

Since the conjugacy graph of x is known to be connected [3], we conclude that it has only one
vertex. O

Remark 5.4. Lemmal5.3]is very useful for proving Conjecture[I.2](but not Conjecture[I.7) in Garside
groups where the Garside element is of weight 3. Indeed, when studying the sizes of conjugacy graphs
in such groups, we can restrict our attention to rigid elements x whose normal form contains no letters
of weight 2, i.e. only A and letters of weight 1. (The study of elements whose normal form contains
no letters of weight 1 can be reduced to the opposite case — indeed, if x is rigid and has no letters of
weight 1, then x~! is rigid and has no letters of weight 2, and SC(x~!) is the set of inverses of the
elements in SC(x). Since the operation of taking inverses of rigid elements sends orbits under cycling
and 7 to orbits under cycling and 7, it suffices to show the result for x~!.)

We need some more general theory. The theme of this paper is that, after conjugating a rigid braid by
a prefix of the first factor (or by a prefix of the complement of the last factor), we may obtain a braid
which is not rigid, but which becomes rigid if we raise it to some power. The following lemma places
a bound on the required power. Indeed, a bound is given by the number of strict, non-trivial prefixes
of the complement of any of the factors of x:

Lemma 5.5 (Limit on rigid power). Suppose x is a rigid element of a Garside group G. Consider the
set

Cr={ce G|l <c=<0px)}
Suppose that for some element c, of Cx the conjugate c; 'xc, has a rigid power. Let p be the smallest
such power, i.e. p = r(c;'xc,) (using Notation . Then there is a subset C of C, which has
precisely p elements such that for every c belonging to C, the element ¢c~'xc is rigid. In particular,
p < |Gyl

There is, of course, an equivalent statement for conjugations of x by prefixes of ¢(x).

Example 5.6. (a) In Example there are two different conjugations of x2, visible as red arrows
in Figure [2; indeed, x> can be conjugated by 1 to the rigid braid 21.12.2132.2132.23.32, and by 3
to 2132.23.32.21.12.2132, which is a cyclic conjugate of the previous word. These two conjugations
are indicated by the label “x2” on the arrow originating in the vertex x? in Figure

(b) In Example there are two different conjugations of x>, one by (1 ;) and one by (; ) — again,
these two are visible as red arrows in Figure

(c) Exactly the same behaviour as in Example [3.7|can be observed in Example [3.8]— see Figure [9]

(d) In Example the braid x* can be conjugated by three different gray arrows (corresponding to
conjugations by (), (( 1) and (\))) to three braids that are cyclic conjugates of each other.

(e) In Example[3.3](Figure[5)), whenever we have an arrow from a vertex that appears in the conjugacy
graph of X" to a vertex that appears in the conjugacy graph of x", with n|N, then the corresponding
edge is labelled x %
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Proof of Lemma We look at the domino diagram for calculating the normal form of ¢ 'x”c,. Let
us denote by £ = {4, (x), the canonical length of x.

We start with the p - ¢ horizontal arrows whose labels spell out the normal form of x”, see Figure
and Figure [2| for an example. (We have to take p - (¢ + 1) arrows if inf(x) # 0, see Figure 4 and
Figure [9] for an example.) Also, we have a vertical arrow labelled c. = c,., at the right end of the
diagram.

We then construct the full domino diagram from right to left, calculating c,.¢—1,c,.¢—2 etc. We will
be interested in the subsequence c.¢, ¢(p—1).¢, - - -, C2.¢, Ce, Co, corresponding to the red arrows in our
examples. By minimality of p, the terms of this subsequence are pairwise distinct, except that c,., =

co. These are our p distinct conjugators. We remark that the p elements ¢ xPey, . .. ,c;_éxpcp.g are

all in the same orbit under the cycling operation. Since the last of them, c, éxpcp. ¢ = c;'xPc,, is rigid
by hypothesis, they are all rigid. O

Remark 5.7. Another way to show Lemma[5.5]is to notice that the elements cy, cs.¢, c3.¢, . . . are the
iterated {-transports of ¢ for cycling corresponding to the rigid element x” (see [18], where they
are defined and denoted c©, ¢ 3O ) Since ¢ < Jp(x”), and iterated transport preserves the
prefix order and sends the complement of the final factor of an element to the complement of the
final factor of its cycling, all the iterated ¢-transports of ¢ belong to C,. The first iterated £-transport
which equals ¢ corresponds to the smallest power of y which is rigid, so there are exactly p distinct
elements, all of them in Cy.

Lemma 5.8. Let x be a rigid element of G. Look at any vertex represented by some element y in
the conjugacy graph of x", for any n. Look at the labels of the outgoing gray edges from that vertex,
including those labelled ” x 1" (for which by convention we didn’t write down the label). Then the
sum of those labels is at most |Cy|, where C, = {c € G|1 < ¢ < dp(y)}.

Proof. This is simply because of the pigeonhole principle: the outgoing edges represent disjoint sets
of distinct conjugating elements, which all lie in C, . ([l

Let us now concentrate on the braid group B} . The sliding circuit sets and conjugacy diagrams in the
case BB; were already studied in [6]].

Because of Remark when trying to prove our Main Conjecture for B}, we can restrict our
attention to rigid elements x whose normal form contains no letters of weight 2, but only letters of
weight 1, and §. Any rigid conjugate y of any power of such an element x has the same property: it
has no letters of weight 2. Indeed, any power of x has a normal form APz -- -z, with all z; having
weight 1. Hence, if y is a rigid conjugate of that element, its normal form must be A”y; -- -y, (same
infimum and same canonical length). Since relations are homogeneous in B}, the word length of
z1 - -z and yq - - -y, must coincide, therefore all letters y; must have weight 1. In particular, «(y) has
no strict nontrivial prefixes. Thus

Observation 5.9. Suppose x € B} is rigid, and contains no letter of weight 2. Then in the conjugacy
graph of x", for any n, all vertices correspond to braids which are also rigid and without letters of
weight 2. Moreover, there are only gray arrows, no black ones.

Another key observation is that the presence of “diagonal” letters (\)) ou (.;) imposes strong restric-
tions on the possible gray arrows. Indeed, diagonal letters have only two strict nontrivial prefixes to
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their complement, whereas non-diagonal letters have three. For instance:

{c€ G|l <c<aC)} ={C7), ()} whereas {c € G|1 <c < ()} =1{(),C),CDH}

Let us first prove our Main Conjecture in the special case where some rigid conjugate of some
power of x contains no diagonal letter:

Lemma 5.10. Let x be a rigid element of B containing no letters of weight 2. Suppose that the
normal form of some rigid conjugate of some power of x contains no diagonal letters ((\)) or (/7))
Then for every nonzero integer n, the conjugacy graph of x* has diameter at most 3.

Proof. Suppose that a rigid conjugate y of x™ contains no diagonal letter in its normal form, and
consider some n > 0. By Lemma the conjugacy graph of x" is contained in the conjugacy
graph of x*™ which is the conjugacy graph of y**, whose infimum is congruent to 0 modulo 4. The
conjugacy graphs of dual 4-strand braids with infimum 0, all of whose letters are of weight 1 and non-
diagonal, were studied in detail in [6]]. It turns out that the conjugacy graphs have at most 6 vertices.
It is also a fact, not explicitly stated in [6] but an immediate consequence of the last paragraph of the
proof Proposition 5.3 of that paper, that the diameter of the conjugacy graph is at most 3. [l

To summarize, if x is a rigid braid with no letters of weight 2, then the conjugacy graph has only gray
arrows, which can only be labelled “x 17, “x2”, or “x3”, by Lemma[5.8] Now suppose that y and
z are conjugates of x having rigid powers that represent adjacent vertices in the conjugacy graph of
some power of x, and suppose that r(y) < r(z). Applying Lemmato the conjugacy graph of y'®),
it follows that r(z) < 3 - r(y). Moreover, if some rigid conjugate of some power of x has no diagonal
letters, the conjugacy graph of every power of x has diameter d at most 3.

In particular, for any conjugate of x with a rigid power, we have r(y) < 3¢ < 3% = 27. Using the
language of Section all the primitive elements of U,cnySC(x") lie in U,<27SC(x").

We now turn to the second case, where every rigid conjugate of every power of x contains a diagonal
letter.

Lemma 5.11. Let x be a rigid element of B} containing no letters of weight 2. Suppose that in
the conjugacy graph of x" (for some n € N) there is a gray arrow emanating from a vertex which
represents an element y € SC(x") whose normal form contains a diagonal letter () or (7). Then
for any positive integer d, in the conjugacy graph of xX*“, there are no gray arrows emanating from
the vertex y¢ other than those inherited via 7 from the conjugacy graph of x".

Proof. After cycling, we can assume that the last letter of y is a diagonal letter. In that case, dy(y)
has only two strict prefixes, so only two gray arrows (counted with multiplicity) can emanate from the
vertex y in the conjugacy graph of x", or from the vertex y¢ in the conjugacy graph of x“. If d was
the smallest integer so that a new gray arrow appeared, emanating from the vertex y in the conjugacy
graph of x?, then by Lemma there are d copies of this gray arrow. Also, one further gray arrow
is inherited via 7¢ from the conjugacy graph of x, by hypothesis. In summary, we’d have d + 1 gray
arrows emanating from the vertex y¢. Thus d = 1. g

As an immediate consequence of Observation [5.9]and Lemma[5.1T| we have:

Lemma 5.12. Let x be a rigid element of B containing no letters of weight 2. Suppose that the
normal form of every rigid conjugate of every power of x contains a diagonal letter ((\) or (7))
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Suppose that n and N are two positive integers with n|N. If the conjugacy graph of x" contains more
than one vertex, then the conjugacy graph of X" is isomorphic to the conjugacy graph of x".

We are now ready to prove our Main Theorem [I.TT|b) for elements x which are rigid, have no letters
of weight 2, and for which every rigid conjugate of any power of x contains a diagonal letter.

Let us fix some power 7, and look at the conjugacy graph of x*. There are two possibilities.

Either the conjugacy graph of x" has only one vertex. Let d be the smallest integer such that the con-
jugacy graph of x¢” has more than one vertex. (If there exists none, then the proof is complete.) Let
¢, be a conjugating element, representing a gray arrow in that conjugacy graph, such that ¢ 'x4"c,

is rigid. Then r(c; 'x"c,) = d. By Lemma applied to x", we have d = 2.

The other possibility is that the conjugacy graph of x" has more than one vertex. Then Lemma
implies that the conjugacy graph of any further power x?" is no larger than the conjugacy graph of x".

To summarize the second case, for any element y conjugate to x which has some rigid power, we have
r(y) = 1 or r(y) = 2. In the language of Section again, all the primitive elements of U,cnSC(x")
lie in U,<2SC(x").

Summarizing the two cases studied above, we see that for any rigid element x, all the primitive
elements of U,cnSC(™) lie in U,<27SC(x"). Since, moreover, in the 4-strand braid group, as in all
braid groups, roots are unique up to conjugacy [20], our group B satisfies Property (x) from Section@]
with Rg = 27, and we conclude that for any rigid element x, the sequence |SC(x"| is periodic of
period at most lcm(1,2,...,27). This completes the proof of Main Theorem [I.TT|b).
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